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Preface

The presented dissertation is devoted to linear functional equations of inifnite
order in a single variable. Informally we can say that this is a kind of functional
equations in which in�nitely many terms appear. Therefore we very often use a
series (if there are countable many terms) or an integral (if uncountable many
terms appear) to write down such an equation. Since we can always view on a
series as on a Lebesgue integral with respect to a discrete measure, we see that
a shape of these equations is detemined by the measure. In truth, in this text
we shall meet probability measures mostly.

In this PhD thesis we provide some criterions imposed on measures and
functions appearing in functional equations under which we can �nd a solution
in the class of bounded continuous functions. The results presented in this
dissertation can be obviously applied to equations of �nite order.

My research led in Chapter 2 and 3 concentrates on solutions attaining its
global extremum. I analyse also what happened when such a value is not reached
by the solution. The second area of my work, presented in Chapter 4, is an
examination of an in�uence of the so-called invariant compact sets on solutions.
It turns out that they play the crucial role in the theory of linear functional
equations in a single variable.
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Introduction

The scienti�c research presented in this PhD thesis is devoted to linear func-
tional equations of in�nite order. The starting point of my work was a problem
posed by Gregory Derfel during the 21st European Conference on Iteration The-
ory held in Innsbruck (Austria) in 2016. He asked if there existed a non-constant
bounded continuous solution ϕ : R→ R of the equation

ϕ(x) =
1

2
ϕ(x− 1) +

1

2
ϕ(−2x). (0.1)

The question was repeated by him one year later on the 55th International
Symposium on Functional Equations in Chengdu (China).

The above problem has been formulated in a very simple way, equation (0.1)
has an uncomplicated shape. We need no advanced mathematical notions to
pose the above question � it can be well understood by students of the �rst year
of technical studies or even students of high school with an extended mathe-
matics programme. Answering to the presented question turned out to be very
di�cult, as often as it is the case with mathematical problems which can be for-
mulated very easy. The reasons of this fact and a partial answer to the Derfel's
question are presented in this dissertation.

The problem posed by Derfel is tightly connected with the so-called archety-
pal equation, i.e. a functional equation of the form

ϕ(x) =

∫∫
R2

ϕ
(
a(x− b)

)
µ(da, db), (0.2)

where µ is a given Borel probability measure de�ned on R2 and ϕ : R→ R is a
bounded continuous function. As we know, if equation depends on a parameter,
then its shape can be various for di�erent values of this parameter. In the case
like this a role of the parameter is played by the measure µ and it can change
the form of equation (0.2) drastically. As we will see in this text, the archetypal
equation may sometimes reduce even to di�erential equations.



Equation (0.2) is very well examined in the case µ
(
(0,∞)× R

)
= 1. In the

paper [13] from 1989 Gregory Derfel discovered that a behaviour of the set of
bounded continuous solutions of the archetypal equation depends signi�cantly
on the value of the number

K :=

∫∫
R2

ln |a|µ(da, db).

He proved that, under some technical assumptions, the archetypal equation
has not non-constant bounded continuous solutions provided K < 0. He con-
structed also a non-constant bounded continuous solution for K > 0 when
µ
(
(0,∞) × R

)
= 1 additionaly. The fact that the support of µ is contained

in the right half-plane is crucial in his proof. The case when K > 0 and
µ
(
(−∞, 0)×R

)
> 0 has not been explored very well today and equation (0.1)

exampli�es this situation. In particular, in the thesis I would like to examine
this class of functional equations and the topics which can help to �nd their
solutions.

The whole text is splitted into �ve chapters. The �rst chapter contains
basic facts from di�erent branches of mathematics, mainly measure theory and
dynamical systems. In particular, in Chapter 1 we present notations used in this
text and basic terms which will be applied in sequent parts of the dissertation.
The theorems contained in this part are presented without proofs with one
exception but references are always given.

Chapter 2 is devoted to the archetypal equation. At the beginning of this part
we present some results coming from the papers [10] and [11] by L. Bogachev,
G. Derfel and S. Molchanov. They can help to understand a motivation of
Gregory Derfel to proposed equation (0.1). The further sections of this chapter
are based on the articles [36] and [37] which concern solutions of the archetypal
equation attaining the global extremum. In particular, in Section 2.3 we will
prove that each bounded continuous solution of equation (0.2) which attains
its global extremum must be constant in the case µ((−∞, 0) × R) > 0 if the
measure µ satis�es some additional technical assumptions (see details in Theo-
rem 2.3.1 and Theorem 2.3.2). We add that Theorem 2.3.1 implies that every
bounded continuous solution of equation (0.1) is constant if it attains the global
extremum. Section 2.4 contains a discussion on properties of solutions which
do not attain the global extremum. In this section we prove a theorem saying
that if such a non-constant solution exists, then it must be oscilating at the
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inifnities. It is worth adding that the existence of non-constant solutions in the
class of bounded continuous functions is still an open problem.

Chapter 3 is a consequence of attempts in generalizing the results from Sec-
tions 2.3 and 2.4 on linear functional equations for which we have non-a�ne
transforms of arguments. More precisely, the cosniderations of Chapter 3 refers
to functional equations of the form

ϕ(x) =
∑
i∈I

piϕ
(
fi(x)

)
, (0.3)

where I ⊆ Z is �xed, pi ∈ (0, 1) are summing up to 1 and fi : R → R is
a homeomorphism for every i ∈ I. Section 3.1 contains a conception of the
compatibility conditions which improve some dynamical aspects of iterates of
the functions fi, i ∈ I. In Section 3.2 we examine equation (0.3) under the
comptability conditions. In particular, in this part we show that for a family
{fi}i∈I ful�lling any compatibility condition every bounded continuous solution
ϕ : R→ R of equation (0.3) is constant provided ϕ attains the global extremum.
Section 3.3 contains the asymptotical analysis of solutions in the case when
{fi}i∈I contains at least one decresaing function. An example demonstrating
the results of this chapter appears at the end of this section.

Chapter 4 is devoted to the most general linear functional equation appearing
in this text. In this part we have given a probability space (Ω,A, P ), a com-
plete metric space (X, d), a separable Banach space (Y, ‖ · ‖) and a function
f : Ω × X → X such that f(·, x) is A-measurable for every �xed x ∈ X.
There we are interested in bounded Borel solutions ϕ : X → Y of the equation

ϕ(x) =

∫
Ω

ϕ
(
f(ω, x)

)
P (dω), (0.4)

where the above integral denotes the Bochner integral. Equations of this form
were examined by several authors for years. For example, more than 100 years
ago Wacªaw Sierpi«ski considered in [34] a particular case of the above equation
to characterize Cantor functions. One can observe that the archetypal equation
is a very particular case of (0.4). It is worth adding that equations with a�ne
transforms of arguments play a prominent role in applications. The reader is
refered to [32], [33] or [35] for instance. Nowadays many papers connected with
equation (0.4) and its generalization are written by a group of Polish mathe-
maticans, namely: K. Baron, R. Kapica and J. Morawiec. They studied the
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various types of the convergence of the inner functions. The paper [3], written
by Karol Baron, exampli�ed their methods very well. The articles [5] and [6] are
connected with a more general equation than (0.4). In the mentioned papers
K. Baron and J. Morawiec examined the Lipschitzian solutions. Furthermore, to
get solutions of equation (0.4) they also applied regular Markov-Feller operators
which map the space of all Borel probability measures into itself (see [24] for
instance). J. Jarczyk and W. Jarczyk are also interested in equation (0.4). In
the recently published article [21] they considered equation (0.4) when the inner
functions are means. Moreover, W. Jarczyk studied intensively linear functional
equations under commutativity conditions � see [22]. We announce that some
commutativity conditions will be assume in whole Chapter 4. General surveys
of functional and functional-di�erential equations are found in G. Derfel [14],
K. Baron and W. Jarczyk [4] and K. Baron [2].

Chapter 4 is based principally on the article [38]. The main topic of this part
are invariant comptact sets. We say that a set K ⊆ X is invariant if⋃

x∈K

{f(ω, x)} ⊆ K for all ω ∈ Ω.

In Chapter 4 we will see that an in�uence of these sets on solutions of linear
functional equations is crucial. Section 4.1 contains the main result and its
proof. In Section 4.2 we prove some theorems connected with the existence of
invariant compact sets. In Theorem 4.1.1 we impose some technical assump-
tions, that is why in Section 4.3 we present a lot of particular cases of this
theorem. Section 4.4 is devoted to the case when the order of equation (0.4)
is �nite. The last section contains some examples and applications of invariant
compact sets to linear functional equations.

In the last chapter we are going back to equation (0.1). In Section 5.1 we
prove, among others, that for this equation there are no non-empty invariant
compact sets. This is one of the reasons why the equation proposed by Derfel
is so hard to solve. The other reasons are disccused also therein. In the next,
and last, part of this dissertation we pose some open problems.
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Chapter 1

Preliminaries

1.1 Dynamical systems

At the beginning we will introduce a relation in the set of reals which will be
useful in our further analyses. We will call it as a Kuratowski relation although
this term was known before him � in fact, Kazimierz Kuratowski discovered a
generalization of the below relation for noninvertible maps.

De�nition 1.1.1. Let I ⊆ Z be �xed and assume that we have a family {fi}i∈I
of homeomorphisms of the real line R. We say that x, y ∈ R are in the relation
∼, and write x ∼ y, if there exist k ∈ N, i1, ..., ik ∈ I and ε1, ..., εk ∈ {−1, 1}
such that

y =
(
f ε1i1 ◦ ... ◦ f

εk
ik

)
(x).

One can simply prove the following fact.

Remark 1.1.1. The relation ∼ is an equivalence relation in the set R. For
each x ∈ R the equivalence class of x will be denoted by [x]∼.

We will meet the above equivalence relation in Chapters 3 and 5. It turns out
that this relation is very helpful and appear naturally in the theory of functional
equations in a single variable.

Remark 1.1.2. It is worth adding that composition of functions will be used
many times in the thesis. We will use the symbol fn, where f denotes a trans-
form of an arbitrary set X into itself and n ∈ N, to represent the n-th iterate
of the function f .

Below we present a generalization of the notion of contraction. Firstly we
will recall a de�nition of classical contractions.



De�nition 1.1.2. Let (X, d1) and (Y, d2) be metric spaces and f : X → Y be a
function. We say that f ful�lls the Lipschitz condition with constant L ∈ (0,∞)
if the inequality

d2

(
f(x), f(y)

)
≤ Ld1(x, y)

is satis�ed for all x, y ∈ X. If L is less than 1, then we say that f is a contraction.

We are going to present a wider class than that of classical contractions.
Before it happens we have to introduce a useful type of functions. They are
indispensable in a de�nition of generalized contractions.

De�nition 1.1.3 (J. Matkowski, [27]). We say that a non-negative function
g : [0,∞)→ R is a comparison function if g is non-decreasing and the sequence
of its iterates

(
gn(t)

)
n∈N converges to 0 for every t ∈ [0,∞).

Remark 1.1.3. It is easy to see that any comparison function may be discon-
tinuous in general. Moreover, one can check that g(0) = 0 and g(t) < t for all
positive values of t.

Now we are in a position to de�ne generalized contractions. The next de�-
nition comes from Janusz Matkowski.

De�nition 1.1.4 (J. Matkowski, [27]). Let (X, d1) and (Y, d2) be metric spaces
and g : [0,∞) → [0,∞) be a comparison function. We say that f : X → Y is
a Matkowski type contraction (with a comparison function g) if the inequality

d2

(
f(x), f(y)

)
≤ g
(
d1(x, y)

)
is satis�ed for all x, y ∈ X.

Remark 1.1.4. We can observe that Matkowski type contractions are con-
tinuous despite the fact that g may have discontinuities. Furthermore, every
classical contraction is a Matkowski type contraction. More precisely, if (X, d1)
and (Y, d2) are metric spaces and f : X → Y is a contraction with a Lipschitz
constant L, then it is a Matkowski type contraction with a comparison function
g given by the formula g(t) = Lt.

The next example shows that the class introduced by Janusz Matkowski is
indeed bigger than that of classical contractions.
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Example 1.1.1. Consider the interval I = [0, 1] equipped with the metric
generated by the absolute value norm | · |. Let f : I → I be de�ned by

f(x) =
x

1 + x
.

One can note that f is continuously di�erentiable and

f ′(x) =
1

(1 + x)2
for every x ∈ [0, 1].

Hence f ful�lls the Lipschitz condition with the constant L = 1 and, since
f ′(0) = 1, this is the optimal choice and, consequently, f is not a Banach
contraction. But it is a Matkowski type contraction with a comparison function
g = f , as for all x, y ∈ [0, 1] we have

|f(x)− f(y)| =
∣∣∣∣ x

1 + x
− y

1 + y

∣∣∣∣ =

∣∣∣∣ x− y
(1 + x)(1 + y)

∣∣∣∣ =
|x− y|

1 + x+ y + xy

≤ |x− y|
1 + |x− y|

= g
(
|x− y|

)
.

Matkowski type contractions share many dynamical properties with classical
contractions. The next theorem generalizes the well known Banach contraction
principle (see [1]).

Theorem 1.1.1 (Matkowski �xed-point theorem, [27], also [17]). Let (X, d) be
a complete metric space. If f : X → X is a Matkowski type contraction, then
f has a unique �xed point ξ ∈ X and it is globally attractive, i.e. for every
x ∈ X the sequence (fn(x))n∈N converges to ξ.

In Chapter 4 we are working with compact subsets of metric spaces. It is
clear that we can measure a distance between any two compact sets in many
ways but there is one special method due to Hausdor�.

De�nition 1.1.5. Let (X, d) be a metric space andK,C be its compact subsets.
We de�ne their Hausdor� distance dH(K,C) by

dH(K,C) := inf
{
ε ∈ (0,∞) : K ⊆ C(ε) and C ⊆ K(ε)

}
,

where

A(ε) :=
⋃
x∈A

{
y ∈ X : d(x, y) < ε

}
for every A ⊆ X and ε ∈ (0,∞).
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Remark 1.1.5. One can check that dH is a metric in the space of all compact
subsets of X. Then the function dH is called the Hausdor� metric. It is worth
adding that the space of all compact subsets of a complete metric space (X, d)
becomes a complete metric space with the Hausdor� metric. We will denote
this space by (K(X), dH).

In the theory of dynamical systems iterated function systems play a funda-
mental role. We remind their de�nition.

De�nition 1.1.6. Let (X, d) be a metric space and N ∈ N. We say that
{fi : X → X| i = 1, 2, ..., N} is an iterated function system (or IFS for short)
if fi is a contraction for every i = 1, 2, ..., N .

In [20] Hutchinson showed that for iterated function systems de�ned on a
complete metric space X there exists a special compact set, called an attractor,
which can be treated as a counterpart of a global attractive �xed point for an
individual function. In fact, it is a global attractive �xed point of a set-valued
contraction mapping the space (K(X), dH) into itself. For the details and the
proof the reader is refered to [20].

In the same way as we de�ned generalized contractions, we introduce gener-
alized iterated function systems. We accept the following de�nition.

De�nition 1.1.7. Let (X, d) be a metric space and N ∈ N. We say that
{fi : X → X| i = 1, 2, ..., N} is a generalized iterated function system (or
GIFS for short) if fi is a Matkowski type contraction for every i = 1, 2, ..., N .

Theorem 1.1.2 (P. Jaros, �. Ma±lanka, F. Strobin, [23]). Let (X, d) be a com-
plete metric space and assume that a family {fi : X → X| i = 1, 2, ..., N},
where N ∈ N is given, is a GIFS. Then there exists a unique compact set
K ⊆ X such that

N⋃
i=1

fi(K) = K. (1.1)

Moreover, if C ⊆ X is an arbitrary compact set, then the sequence (Cn)n∈N,
de�ned by C1 = C and

Cn+1 =
N⋃
i=1

fi(Cn) for every n ∈ N,

is convergent (with respect to the Hausdor� metric) to the attractor K.
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The above theorem is an extension of the original Hutchinson Theorem from
IFS on GIFS.

In Chapter 4 we will see that every attractor is, in particular, an invariant
compact set with respect to a GIFS. Other properties of attractors are not used
in this dissertation.

1.2 Measure and integral

In this dissertation we will be working only with �nite measures, but in fact
they will be probability measures mostly. We recall some de�nitions and basic
facts from the measure theory and �x the notation. We start with the following

De�nition 1.2.1. Let A be a family of subsets of the nonempty set Ω. We say
that this family is a σ-algebra (of subsets of Ω) if
XXX (i) A is nonempty,
XXX (ii) for every set A from A its complement Ω \ A belongs to A,
XXX (iii) for each sequence (An)n∈N of sets from A the sum

⋃∞
n=1An belongs

XXX to A.
The pair (Ω,A) is called a measurable space and elements of A are called mea-
surable sets.

De�nition 1.2.2. Let (Ω,A) be a measurable space and let µ : A → [0,∞]
be a function. We say that µ is a measure if µ(∅) = 0 and for all sequences
(An)n∈N of pairwise disjoint sets from A we have

µ

( ∞⋃
n=1

An

)
=

∞∑
n=1

µ(An).

The triple (Ω,A, µ) is called a measure space. If µ(Ω) < ∞, then we say that
the measure µ is �nite or equivalently the space (Ω,A, µ) is �nite. Furthermore
we say that µ is a probability measure if it is normed, i.e. µ(Ω) = 1, and then
the triple (Ω,A, µ) is called a probability space.

If Ω is a topological space, then we can de�ne a σ-algebra generated by its
open subsets. We denote it by B(Ω) and call its members Borel sets. Any
measure on the space

(
Ω,B(Ω)

)
is said to be a Borel measure.

For Borel measures it is possible to de�ne a set called a support of the mea-
sure. In fact, supports of all measures considered in the present thesis are

14



subsets of the Euclidean space RN , where N ∈ N. We accept the following
de�nition.

De�nition 1.2.3. LetN ∈ N be given and
(
RN ,B(RN), µ

)
be a measure space.

A set of all x ∈ RN such that each neighbourhood of x is of positive measure µ
is called the support of the measure µ and is denoted by suppµ.

Remark 1.2.1. One can note that the support of any Borel measure is a closed
set of space, and hence it is a Borel set of full measure.

If we have a �nite family of measurable spaces, then we can construct more
complex spaces using the Cartesian product.

De�nition 1.2.4. Let k ∈ N and let (Ω1,A1), . . . , (Ωk,Ak) be measurable
spaces. The σ-algebra generated by sets of the form A1 × . . . × Ak, where
Ai belongs to Ai for each i = 1, 2, ..., k, is denoted by A1 ⊗ . . . ⊗ Ak. The
measurable space

(
Ω1 × . . . × Ωk,A1 ⊗ . . . ⊗Ak

)
is called a product space.

If all spaces are equipped with the �nite measures, then we can construct
a special measure on the product space. The details are provided by the follow-
ing result.

Theorem 1.2.1 (Theorem 18.2, [7]). Let (Ω1,A1, µ1) and (Ω2,A2, µ2) be �nite
measure spaces. Then there exists a unique measure µ de�ned on A1 ⊗ A2

satisfying the equality

µ(A×B) = µ1(A) · µ2(B)

for every A ∈ A1 and B ∈ A2.

Remark 1.2.2. It is easy to see that we can inductively extend the above
theorem to the case of any �nite number of measure spaces. Extension to
products of in�nite many spaces (in fact they have to be probability spaces)
can be found in Theorem 3.5.1 in [9] for example. However, we shall use only
�nite products of measure spaces in the presented text.

Remark 1.2.3. A measure de�ned on the product space appearing in the above
theorem is called a product measure and is denoted by µ1 ⊗ µ2. If we take k
copies of the space (Ω,A, µ), where k ∈ N, then we denote the product space
of this k copies by (Ωk,Ak, µk) for simplicity.
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It is a good moment to remind the famous Tonelli-Fubini Theorem which
will be applied a few times in the next chapters.

Theorem 1.2.2 (Theorem 4.4.5, [16]). Let (Ω1,A1, µ1) and (Ω2,A2, µ2) be
�nite measure spaces and f : Ω1×Ω2 → R be an A1⊗A2-measurable function.
Assume that f is non-negative or f is integrable with respect to the measure
µ1 ⊗ µ2. Then∫
Ω1×Ω2

fd(µ1⊗µ2) =

∫
Ω1

[∫
Ω2

f(x, y)µ2(dy)

]
µ1(dx) =

∫
Ω2

[∫
Ω1

f(x, y)µ1(dx)

]
µ2(dy).

Now we are going to a theorem allowing to change the measure in the
Lebesgue integral. Firstly, we will recall how to generate new measures on
a given probability space.

Theorem 1.2.3 (Theorem 16.9, [7]). Let (Ω,A, µ) be a probability space and
g : Ω → R a non-negative A-measurable function such that

∫
Ω gdµ = 1. Then

a function ν : A → [0, 1], given by the formula

ν(A) =

∫
A

gdµ for every A ∈ A,

is a probability measure on the space (Ω,A). Furthermore ν(A) = 0 whenever
µ(A) = 0 for every A ∈ A.

The function g from the above theorem is called a density of the measure ν
with respect to µ. Sometimes it is denoted by dν

dµ and called a Radon-Nikodym
derivative of ν with respect to µ.

Let us recall a relation occuring sometimes between two measures de�ned on
the same measurable space.

De�nition 1.2.5. Let (Ω,A) be a measurable space and let µ and ν be mea-
sures on (Ω,A). We say that ν is absolutely continuous with respect to µ and
denote this fact by ν � µ if the implication

µ(A) = 0 =⇒ ν(A) = 0

holds for each A ∈ A.

The densities can help with changing the measure in the integral. We have
the following result.
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Theorem 1.2.4 (Theorem 16.11, [7]). Let (Ω,A) be a measruable space and let
µ and ν be probability measures de�ned on (Ω,A). Assume that ν has a density
g with respect to µ and f : Ω→ R is an arbitrary A-measruable function. Then
the function f is integrable with respect to ν if and only if the function gf is
integrable with respect to µ. If f is integrable, then∫

Ω

fdν =

∫
Ω

gfdµ.

We also remind well known Lebesgue's dominated convergence theorem.

Theorem 1.2.5 (Theorem 16.4, [7]). Let (Ω,A, µ) be a measurable space and
(fn)n∈N be a sequence of A-measurable functions mappings Ω into R. Assume
that the sequence (fn)n∈N converges pointwise to a function f : Ω→ R µ-almost
everywhere. If there exists an integrable function g : Ω→ R such that

|fn(ω)| ≤ g(ω)

for every ω ∈ Ω and n ∈ N, then f is integrable and

lim
n→∞

∫
Ω

fndµ =

∫
Ω

fdµ.

Until now we presented results from the Lebesgue integral theory � integrated
functions had values in R. The Lebesgue construction can be extended on
functions reaching values in any separable Banach space. Such a variant of the
integral was introduced by S. Bochner in [8]. We will use the Bochner integral
in Chapter 4. As we �nd out below this operator shares many properties with
the Lebesgue integral.

In the �rst step we will de�ne the integral for simple functions.

De�nition 1.2.6. Let (Ω,A, µ) be a �nite measure space and (X, ‖ · ‖) a sep-
arable Banach space. We say that an A-measurable function s : Ω → X is
simple when s(X) is �nite.

Simple functions have a standard representation.

Remark 1.2.4. Let (Ω,A, µ) be a �nite measure space and (X, ‖·‖) a separable
Banach space. If s : Ω → X is a simple function reaching exactly N values,
where N ∈ N, then s can be written as

s =
N∑
i=1

xiχAi
,
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where x1, ..., xN ∈ X are distinct and A1, ..., AN ∈ A are pairwise disjoint. The
above formula is called a standard representation of s.

We de�ne the Bochner integral of simple functions in the same way as the
Lebesgue integral.

De�nition 1.2.7. Let (Ω,A, µ) be a �nite measure space and (X, ‖ · ‖) a sep-
arable Banach space. Assume that N ∈ N, x1, ..., xN ∈ X are distinct and
A1, ..., AN ∈ A are pairwise disjoint and put s =

∑N
i=1 xiχAi

. We de�ne the
Bochner integral of s by the formula∫

Ω

sdµ =
N∑
i=1

µ(Ai)xi.

It is worth adding that each simple function has many di�erent representa-
tions. However, one can prove, in the same way as in the case of the Lebesgue
integral, that the above value does not depend on the representation of the
simple function. Now we are going to de�ne the Bochner integral in general.

De�nition 1.2.8. Let (Ω,A, µ) be a �nite measure space and (X, ‖ · ‖) a sep-
arable Banach space. We say that an A-measurable function f : Ω → X is
Bochner integrable (with respect to µ) if there exists a sequence (sn)n∈N of sim-
ple functions mapping Ω into X such that f = limn→∞ sn µ-almost everywhere
and

lim
n→∞

∫
Ω

‖f − sn‖dµ = 0.

In this case we de�ne the Bochner integral of f by∫
Ω

fdµ := lim
n→∞

∫
Ω

sndµ.

One can check that the last limit appearing in the de�nition of the Bochner
integral is independent on the choice of the sequence of simple functions, i.e.
the Bochner integral is well de�ned.

Remark 1.2.5. Note that the integral∫
Ω

‖f − sn‖dµ

from the above de�nition is a Lebesgue integral since values of the norm ‖ · ‖
lie in R.
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We have the following characterization of Bochner integrable functions by
the Lebesgue integral.

Theorem 1.2.6 (Theorem 2 from Chapter 2.2, [15]). Let (Ω,A, µ) be a �nite
measure space, (X, ‖ · ‖) a separable Banach space and f : Ω → X be A-
measurable function. Then f is Bochner integrable if and only if

∫
Ω ‖f‖dµ < ∞.

We said that the Lebesgue and Bochner integral have a lot of common prop-
erties. In the next theorem we will enumerate these which will be used in
Chapter 4.

Theorem 1.2.7 (Theorem 4 from Chapter 2.2, [15]). Let (Ω,A, µ) be a �nite
measure space and (X, ‖·‖) a separable Banach space. If f : Ω→ X is Bochner
integrable, then wwww∫

Ω

fdµ

wwww ≤ ∫
Ω

‖f‖dµ.

Moreover, for any sequence (An)n∈N of pairwise disjoint sets from A we have∫
⋃∞

n=1An

fdµ =
∞∑
n=1

∫
An

fdµ.

The last result of the �rst chapter allows us to change a measure in the
Bochner integral.

Lemma 1.2.1. Let (Ω,A, µ) be a probability space and (X, ‖ · ‖) a separable
Banach space. Assume that ν is a probability measure on the space (Ω,A) with
a density g : Ω → R with respect to µ. If f : Ω → X is a bounded Bochner
integrable function with respect to µ, then:
(i) gf is Bochner integrable with respect to µ,
(ii) f is Bochner integrable with respect to ν,
(iii) the equality ∫

Ω

gfdµ =

∫
Ω

fdν. (1.2)

holds.

Proof. First of all we show (i). Take any M ∈ (0,∞) such that

‖f(ω)‖ < M for all ω ∈ Ω.
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Note that gf is A-measurable and∫
Ω

‖gf‖dµ =

∫
Ω

|g|‖f‖dµ ≤
∫

Ω

gMdµ = M

∫
Ω

gdµ = M <∞.

Using Theorem 1.2.6 we see that gf is Bochner integrable with respect to µ.
We are going to show (ii). Theorem 1.2.4 implies the equality∫

Ω

‖f‖dν =

∫
Ω

‖gf‖dµ.

Hence and from Theorem 1.2.6 we get integrability of f with respect to ν in the
sense of Bochner.

It remains to prove equality (1.2). At the beginning note that this equality is
satis�ed by simple functions. Let (sk)k∈N be a sequence of simple functions from
Ω into X such that ‖sk(ω)‖ < M for every ω ∈ Ω and k ∈ N, f = limk→∞ sk
µ-almost everywhere and

lim
k→∞

∫
Ω

‖f − sk‖dµ = 0.

Then gf = limk→∞ gsk µ-almost everywhere and f = limk→∞ sk ν-almost
everywhere since ν � µ. Note that the function gM is Lebesgue integrable
with respect to µ and the sequence

(
‖gf − gsk‖

)
k∈N is dominated by 2gM .

Using the dominated convergence theorem we get

lim
k→∞

∫
Ω

‖gf − gsk‖dµ = 0

and, in view of Theorem 1.2.4, we have

lim
k→∞

∫
Ω

‖f − sk‖dν = lim
k→∞

∫
Ω

‖gf − gsk‖dµ = 0.

Hence by the de�nition of the Bochner integral∫
Ω

gfdµ = lim
k→∞

∫
Ω

gskdµ and
∫

Ω

fdν = lim
k→∞

∫
Ω

skdν.

Therefore ∫
Ω

gfdµ = lim
k→∞

∫
Ω

gskdµ = lim
k→∞

∫
Ω

skdν =

∫
Ω

fdν.

The above lemma seems to be as trivial that it should be known before but
I did not meet this result in the literature and its proof has been included for
the sake of completeness.
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Chapter 2

The archetypal equation

In this part we are working with the archetypal equation (2.1). Chapter 2 is
splited into four sections. In the �rst we introduce the archetypal equation and
consider its particular forms. In Section 2.2 we formulate a problem posed by
Gregory Derfel and explain his motivation to propose equation (2.8). Section 2.3
contains a partial solution of this problem; in particular, we prove that every
bounded continuous solution of Derfel's equation (2.8), attaining the global
extremum, is constant. Section 2.4 is devoted to solutions of this equation
which do not attain their global extremum.

Section 2.1 and Section 2.2 are based on the papers [10] and [11]. Section
2.3 and 2.4 contain results from [37] which is an extension of the article [36].

2.1 The archetypal equation and its particular forms

The �rst functional equation described in the thesis is the archetypal equation.
It was introduced and examined by L. Bogachev, G. Derfel and S. Molchanov
in [10] and [11] from 2015. In fact, the analysis of the archetypal equation
began much earlier. We would like to pay attention on the paper [13] written
by G. Derfel in 1989. There he found a connection between bounded continuous
solutions of the archetypal equation and the Grintsevichyus series (see [18]).

In this chapter we treat a probability measure µ : B(R2) → [0, 1] as �xed.
Remind that the archetypal equation is a functional equation of the form

ϕ(x) =

∫∫
R2

ϕ
(
a(x− b)

)
µ(da, db). (2.1)

Furthermore, we �x an arbitrary probability space (Ω,A, P ) and a random



vector (α, β) : Ω → R2. We assume that the distribution of (α, β) is equal to
µ. Then equation (2.1) can be written in the language of random variables as

ϕ(x) =

∫
Ω

ϕ
(
α(ω)(x− β(ω))

)
P (dω). (2.2)

Since the distribution of (α, β) equals to µ, equations (2.1) and (2.2) are equiv-
alent. In the present chapter we use both forms alternatively.

Remark 2.1.1. At the beginning note that every constant function is a solution
of the archetypal equation since the measure µ is a probabilistic one. We are
interested in �nding an answer to the question for which measures there are
only constant solutions of equation (2.1) in the class of bounded continuous
functions. The restriction to this class is necessary if we want to exclude the
following pathological cases.

Example 2.1.1. Suppose that µ({(1, 1)}) = µ({(2, 1)}) = 1
2 . Then equation

(2.1) reduces to

ϕ(x) =
1

2
ϕ(x− 1) +

1

2
ϕ(2x− 2).

We will see later that it is the so-called degenerated case of the archetypal
equation and it has no non-constant solutions in the class of bounded continuous
functions. However, the function ϕ : R→ R de�ned by

ϕ(x) =

{
1, if x ∈ Q,
0, if x ∈ R \Q,

is its discontinuous solution.

L. Bogachev, G. Derfel and S. Molchanov called equation (2.1) as archetypal
since it is a rich source of many famous and studied earlier functional equations
with rescaling. The measure µ determines the shape of equation (2.1). For
instance if we take any discrete measure with a �nite support, then we get an
equation of �nite order. If we assume that the support of the measure µ is
contained in the line {1}×R, then we will get the integrated Cauchy functional
equation described below.

Example 2.1.2 (Bogachev, Derfel, Molchanov, [11]). If we consider a measure
µ which support is contained in the line {1} × R, then equation (2.1) reduces
to

ϕ(x) =

∫
R
ϕ(x− t)ν(dt),
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where ν : B(R) → [0, 1] is a Borel probability measure. In the literature the
above equation is called as the integrated Cauchy functional equation and plays
an important role in many branches of mathematics. Its solutions have been
described in the famous Choquet-Deny Theorem � the reader is refered to the
original paper [12] from 1960 (see also [30] and [31]).

There is a more surprising fact that the archetypal equation contains, as
particular cases, some di�erential equations. In the next proposition we will
present (reasoning comes from [11]) how to obtain from (2.2) the pantograph
equation (see [28] for its de�nition).

Proposition 2.1.1 (Bogachev, Derfel, Molchanov, [11]). Let N be a natural
number, p1, ..., pN ∈ (0, 1) and a1, ..., aN ∈ R \ {0}. Assume that

∑N
i=1 pi = 1

and ϕ : R → R is a bounded continuous function. Then ϕ is a solution of the
equation

ϕ(x) =
N∑
i=1

pi

∫ ∞
0

ϕ
(
ai(x− t)

)
e−tdt (2.3)

if and only if ϕ is di�erentiable and satis�es the pantograph equation

ϕ′(x) + ϕ(x) =
N∑
i=1

piϕ(aix). (2.4)

Proof. First of all assume that ϕ satis�es equation (2.3). Using the substitution
u = x− t we get∫ ∞

0

ϕ
(
ai(x− t)

)
e−tdt = −

∫ −∞
x

ϕ(aiu)eu−xdu = e−x
∫ x

−∞
ϕ(aiu)eudu

for all i ∈ {1, 2, ..., N}. The function ϕ is bounded and continuous, and thus
the right-hand side of the equality

ϕ(x) =
N∑
i=1

pie
−x
∫ x

−∞
ϕ(aiu)eudu

is di�erentiable and

ϕ′(x) =
N∑
i=1

pi

(
ϕ(aix)− e−x

∫ x

−∞
ϕ(aiu)eudu

)
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for every x ∈ R. Summing up two above equalities we obtain

ϕ′(x) + ϕ(x) =
N∑
i=1

piϕ(aix)

for all x ∈ R, that is ϕ satis�es the pantograph equation.
Now assume that ϕ is di�erentiable and satis�es (2.4). If we multiply both

sides of equality (2.4) by eu, then we get

ϕ′(u)eu + ϕ(u)eu =
N∑
i=1

piϕ(aiu)eu. (2.5)

Integrating both sides of this equality from 0 to x, we can write the left-hand
side of the obtained equality as∫ x

0

(
ϕ′(u)eu + ϕ(u)eu

)
du =

∫ x

0

(
ϕ(u)eu

)′
du = ϕ(x)ex − ϕ(0).

Therefore, after integration, equality (2.5) can be written as

ϕ(x)ex − ϕ(0) =
N∑
i=1

pi

∫ x

0

ϕ(aiu)eudu.

Since the function ϕ is bounded, we have ϕ(x)ex → 0 if x → −∞. This fact,
jointly with the above equality, implies that ϕ(0) =

∑N
i=1 pi

∫ 0

−∞ ϕ(aiu)eudu.
Hence

ϕ(x) =ϕ(0)e−x +
N∑
i=1

pie
−x
∫ x

0

ϕ(aiu)eudu

=
N∑
i=1

pi

∫ 0

−∞
ϕ(aiu)eu−xdu+

N∑
i=1

pi

∫ x

0

ϕ(aiu)eu−xdu

=
N∑
i=1

pi

∫ x

−∞
ϕ(aiu)eu−xdu

for all x ∈ R. Using the substitution u = x− t we come to

ϕ(x) =
N∑
i=1

pi

∫ ∞
0

ϕ
(
ai(x− t)

)
e−tdt, x ∈ R,

and the proof is complete.
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How to obtain other di�erential equations, even those of higher order, the
interested reader can get to know in [11].

2.2 A dichotomy and a problem of Gregory Derfel

2.2.1 Degenerated forms of the archetypal equation

In this part of the thesis we will see three degenerated forms of equation (2.1).
The results included in this subsection are presented without their proofs � the
reader can �nd the details in [11]. These cases will be excluded from further
considerations.

We say that the �rst degenerated case of equation (2.2) occurs if the random
variable α takes the value 0 with positive probability.

Theorem 2.2.1 (Bogachev, Derfel, Molchanov, [11]). Suppose that P (α =
0) > 0. Then any bounded solution ϕ : R→ R of equation (2.2) is constant.

The second degenerated case can be treated as an extension of the Choquet-
Deny Theorem. Before we formulate this result we remind the de�nition of the
arithmetic distribution.

De�nition 2.2.1. We say that a random variableX : Ω→ R has the arithmetic
distribution if there exists λ ∈ [0,∞) such that the support of the distribution
of X is contained in λZ. The largest λ with such a property is called a span.

Now we are ready to present a generalization of the Choquet-Deny theorem.

Theorem 2.2.2 (Bogachev, Derfel, Molchanov, [11]). Suppose that P (|α| =
1) = 1 and P (α = −1) > 0. Let β+ and β− denote random variables which
distributions are equal to the conditional distribution of β given by α = 1 and
α = −1, respectively (in the case α = −1, we set β+ = 0).
XXX (a) If a distribution of β+ is non-arithmetic, then every bounded contin-
XXX uous solution ϕ : R→ R of equation (2.2) is constant.
XXX (b) Let the distribution of β+ be arithmetic with span λ ∈ (0,∞).
XXXXX (b− i) If the distribution of β− is not supported on any set λ0 + λZ,
XXXXX where λ0 ∈ R, then every bounded continuous solution ϕ : R → R of
XXXXX equation (2.2) is constant.
XXXXX (b−ii) Otherwise, the general bounded continuous solution ϕ : R→ R
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XXXXX of equation (2.2) is of the form ϕ(x) = g(x/λ), where g : R→ R is a
XXXXX continuous, 1-periodic function symmetric about the point x0 = λ0/2λ.

The above theorem is an extension of the Choquet-Deny Theorem on the
case when we accept both values 1 and −1 for the rescaling parameter. If the
assumption saying that P (α = −1) > 0 is not satis�ed, then the above theorem
reduces to the classical Choquet-Deny Theorem.

It is easy to check that in the case like this every function g from the part
(b− ii) is a solution of the archetypal equation. However, the most important
statement of the above theorem is that there are no other bounded continuous
solutions � in this case we have a full description of non-constant bounded
continuous solutions.

We are going to present the last degenerated case of the archetypal equation.
We accept the following de�nition.

De�nition 2.2.2. The random variables α and β are said to be in resonance
if there exists a constant c ∈ R such that P

(
α(c− β) = c

)
= 1.

Meaning of this de�nition is as follows: almost all a�ne functions from equa-
tion (2.2) have the same �xed point. If we choose random variables in such a way,
then we get

Theorem 2.2.3 (Bogachev, Derfel, Molchanov, [11]). Let P (|α| 6= 1) > 0 and
suppose that α and β are in resonance. Then any bounded continuous solution
ϕ : R→ R of equation (2.2) is constant.

Remark 2.2.1. As we said at the beginning of this section, the degenerated
cases will be excluded from the further analysis. Therefore we will say that the
hypothesis (H) is satis�ed if

P (α = 0) = 0, P (|α| = 1) < 1 and α and β are not in resonance.

2.2.2 Parameter K and its in�uence on the set of bounded contin-

uous solutions of the archetypal equation

As was observed by Gregory Derfel in his paper [13] from 1989, a behaviour of
bounded continuous solutions of the archetypal equation depends very strongly
on the value of the parameter K, which is de�ned as

K :=

∫∫
R2

ln |a|µ(da, db) =

∫
Ω

ln |α(ω)|P (dω). (2.6)
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The next crucial theorem shows the importance of this number.

Theorem 2.2.4 (Bogachev, Derfel, Molchanov, [10]). Assume hypothesis (H)
and suppose that the integrals K and

∫∫
R2 ln(max(|b|, 1))µ(da, db) are �nite.

XXX (i) If K < 0, then any bounded continuous solution of the archetypal
XXX equation is constant.
XXX (ii) If K > 0 and, in addition α > 0 a.s., then there exists a non-constant
XXX bounded continuous solution of the archetypal equation.

The solution mentioned in Theorem 2.2.4 (ii) is called the canonical solution
and it is connected with the notion of Grintsevichyus series (see [18]). We denote
this special solution by FΥ. It is easy to note that any linear combination of the
canonical and constant solution still satis�es the archetypal equation. Under
some technical assumptions any bounded continuous solution of (2.1) has to be
such a linear combination in the case α > 0 a.s. � see Theorem 4.3 from [10].
It is worth mentioining that solutions of this form may do not cover the set of
all bounded continuous solutions of the archetypal equation in general. In [25]
the authors obtained non-constant solutions of a pantograph equation di�erent
from aFΥ + b, where a, b ∈ R.

It is worth adding that FΥ is no longer a solution of the archetypal equation
in the case P (α < 0) > 0. For more details the reader is refered to [10] and [11].

The case when
P (α < 0) > 0 (2.7)

is not well explored yet. We have a small knowledge about bounded continuous
solutions of the archetypal equation is this case. There is only one exception
when we can give a full description of bounded continuous solutions, namely if
P (|α| = 1) = 1, what was made in Theorem 2.2.2.

Note that if |α| = 1, thenK = 0. If we assume the hypothesis (H), inequality
(2.7) and K > 0, then we know practically nothing about the existence of non-
constant bounded continuous solutions of (2.1). It was a motivation for Gregory
Derfel to pose the following problem during the 21st European Conference on
Iteration Theory which held in 2016 in Innsbruck (Austria).
Problem Is there any non-constant bounded continuous solution ϕ : R → R
of the functional equation

ϕ(x) =
1

2
ϕ(x− 1) +

1

2
ϕ(−2x)? (2.8)
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This question was repeated by him during the 55th International Symposium on
Functional Equations in Chengdu (China) next year. If we look more carefuly
on equation (2.8), then we will see that in this case we have

K =
1

2
ln |1|+ 1

2
ln | − 2| = ln 2

2
> 0.

Equation (2.8) exampli�es the situation when the rescaling parameter attains
negative values and K is positive.

The goal of my scienti�c work is to �nd bounded continuous solutions of this
equation and enhance the knowledge for this class of functional equations.

2.3 Solutions attaining the global extremum

In this section, in the case µ
(
(−∞, 0) × R

)
> 0, we examine solutions of

equation (2.1) attaining the global extremum. It turns out that such solutions
must be constant for a wide class of probability measures. I remind that all
results appearing in this section come from my article [37].

Let us begin with a simple observation.

Remark 2.3.1. We have seen that each constant function is a solution of the
archetypal equation. Furthermore, note that the linear combination of solutions
of (2.1) is still its solution. Hence, studying solutions ϕ : R→ R of (2.1) which
attain their global extremum we can assume without loss of generality that ϕ
is non-negative and minϕ(R) = 0. If, in addition, ϕ is bounded, then we can
con�ne reasonings to the case supϕ(R) ≤ 1 without loss of generality.

We start with the following technical lemma which will be our basic tool in
this section.

Lemma 2.3.1 (Lemma 2.2, [37]). Let ϕ : R→ [0,∞) be a continuous solution
of equation (2.1) and let x0 ∈ R be such that ϕ(x0) = 0. Then

ϕ

(
cpcp−1 · ... · c1x0 −

p∑
i=1

cp · ... · cidi
)

= 0

for all p ∈ N and (c1, d1), ..., (cp, dp) ∈ suppµ.
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Proof. Let p ∈ N be �xed and assume that (c1, d1), ..., (cp, dp) ∈ suppµ. Apply-
ing equality (2.1) to x0 we get

0 = ϕ(x0) =

∫∫
R2

ϕ
(
a(x0 − b)

)
µ(da, db).

Since ϕ is continuous and non-negative, we have

ϕ
(
a(x0 − b)

)
= 0 for all (a, b) ∈ suppµ.

In particular, we get ϕ
(
c1x0 − c1d1

)
= 0. If we repeat this reasoning p − 1

times to the points cj · ... · c1x0 −
∑j

i=1 cj · ... · cidi and the pairs (cj+1, dj+1),
j = 1, ..., p− 1, in turn, we obtain the assertion.

We will prove also a lemma which asserts that some subsets are dense in R.
The statement is obvious but it can help to pay attention on the crucial prop-
erties of sets appearing in the proof of Theorem 2.3.1. Further a simple proof
of this lemma is presented for the sake of completeness.

Lemma 2.3.2 (Lemma 2.3, [37]). Let t ∈ R \ {0}, v ∈ (1,∞) and (un)n∈N be
a sequence of reals. Then the set D =

⋃∞
n=1Dn, where

Dn :=

{
un +

st

vn
: s ∈ Z

}
for all n ∈ N,

is dense in R.

Proof. Without loss of generality we may consider only the case when t is pos-
itive. Fix a, b ∈ R such that a < b and de�ne the interval I = (a, b). We have
to show that I ∩D is nonempty. Take n0 ∈ N such that

t

vn0
< b− a. (2.9)

Let s0 be the greatest member of Z for which

un0 +
s0t

vn0
≤ a.

Hence, by the de�nition of the number s0, we have

un0 +
s0t+ t

vn0
> a.
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Moreover, using a de�nition of s0 and inequality (2.9) we get

un0 +
s0t+ t

vn0
= un0 +

s0t

vn0
+

t

vn0
≤ a+

t

vn0
< b.

Therefore un0 + s0t+t
vn0 ∈ I. This means that D is dense in R.

We are in a position to formulate and prove the result which provides a partial
answer to the Derfel's question. This is the �rst theorem of two main results of
the paper [37].

Theorem 2.3.1 (Theorem 2.4, [37]). Assume that µ
((

(−∞, 0)\{−1}
)
×R
)
> 0

and there exists b ∈ R \ {0} such that (1, b) ∈ suppµ.
(i) If suppµ ∩

(
(R \ Z) × R

)
6= ∅, then every continuous solution of equation

(2.1) attaining its global extremum is constant.
(ii) If suppµ ⊆ Z × R, then every bounded continuous solution of equation
(2.1) attaining its global extremum is constant.

Proof. The pair (1, b) will be denoted by (a0, b0) from this point. Take any
continuous solution ϕ : R→ R of (2.1) attaining its global extremum. In view
of Remark 2.3.1 we can assume that ϕ is non-negative and there exists x0 ∈ R
such that ϕ(x0) = 0. Since ϕ is continuous, it is su�cient to show that ϕ takes
value 0 on some dense subset D of the real line. The proof is splitted into three
general cases and we will describe how to obtain the desired dense set in each
of them. We shall examine each of the following situations:

I suppµ ∩
(
(R \Q)× R

)
6= ∅,

II suppµ ∩
(
(Q \ Z)× R

)
6= ∅,

III suppµ ⊆ Z× R.

Furthermore we distinguish two complementary subcases for both case I and
case II.

I.A There exist a ∈ (R \Q) ∩ (−∞, 0) and b ∈ R such that (a, b) ∈ suppµ.

I.B If (a, b) ∈ suppµ and a ∈ R \Q, then a is positive.

II.A There exist a ∈ (Q \ Z) ∩ (−∞, 0) and b ∈ R such that (a, b) ∈ suppµ.

II.B If (a, b) ∈ suppµ and a ∈ Q \ Z, then a is positive.
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In summary, we obtain the �ve cases (I.A, I.B, II.A, II.B and III) and note that
the measure µ ful�lls at least one of them. We shall prove that in each one the
function ϕ is constant.

I.A. Assume that there exists (a, b) ∈ suppµ such that a ∈ (−∞, 0) \ Q.
Put (a1, b1) := (a, b) and remember that a0 = 1 and b0 6= 0. Fix also arbitrary
k, l ∈ N. If we apply Lemma 2.3.1 with (ci, di) = (a0, b0), where i = 1, 2, ..., k,
then we obtain the equality

ϕ(x0 − kb0) = 0

since a0 = 1. Applying equality (2.1) for x0 − kb0 one can deduce that

ϕ
(
a1(x0 − b1)− a1kb0

)
= 0.

Finally, if we use Lemma 2.3.1 with (ci, di) = (a0, b0), where i = 1, 2, ..., l, to
the point a1(x0 − b1)− a1kb0, then we will get

ϕ

(
a1(x0 − b1)− (ka1 + l)b0

)
= 0.

The Kronecker density theorem [19, Chapter XXIII] asserts that the set{
ka1 + l : k, l ∈ N

}
is dense in R. Hence{

a1(x0 − b1)− (ka1 + l)b0 : k, l ∈ N
}

is also dense as b0 6= 0. This implies that ϕ is constant and the proof is complete
in this subcase.

I.B. This case means that if (a, b) ∈ suppµ and a is negative, then a ∈ Q.
Since µ

(
(−∞, 0) × R

)
> 0 there exists (a, b) ∈ suppµ with a < 0. Put

(a1, b1) := (a, b). Then a1 ∈ Q. Take also (a2, b2) ∈ suppµ with a2 ∈ R \ Q.
Then a2 > 0. As before we obtain the equality ϕ

(
a1(x0−b1)−a1kb0

)
= 0, where

k ∈ N is �xed. In the next step, applying equality (2.1) to a1(x0 − b1)− a1kb0,
we get

ϕ
(
a1a2(x0 − b1)− a2b2 − a1a2kb0

)
= 0.

Fix an arbitrary l ∈ N. Finally, we apply Lemma 2.3.1 with (ci, di) = (a0, b0)
for i = 1, ..., l to the point a1a2(x0 − b1)− a2b2 − a1a2kb0. As a result we have

ϕ
(
a1a2(x0 − b1)− a2b2 − (l + a1a2k)b0

)
= 0.
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Note that a1a2 is a negative irrational number, so again using the Kronecker
density theorem we have constructed a dense subset D of R while k, l runs
through N. The proof is complete in this case.

II. Now we assume that suppµ ∩
(
(Q \ Z) × R

)
6= ∅. Since we are done in

case I we may assume that suppµ ⊆ Q × R. Let A ⊆ Q be the smallest set
such that suppµ ⊆ A× R, i.e.

A = {a ∈ Q : (a, b) ∈ suppµ for some real b}.

Then there is a set I ⊆ N ∪ {0} and an injective sequence (ai)i∈I such that
A = {ai : i ∈ I}. Moreover, we can take I = {0, 1, ..., n − 1} if A has exactly
n elements and I = N ∪ {0} when A is in�nite. Observe that the condition
suppµ∩((Q\Z)×R) 6= ∅, assumed in the present case II, means that A\Z 6= ∅.
For every i ∈ I we de�ne also a Borel measure µi by the equality

µi(B) = µ({ai} ×B) for each Borel B ⊆ R.

Note that for any i ∈ I we have µi(R) ∈ (0, 1) and
∑

i∈I µi(R) = 1. Moreover,
equation (2.1) can be rewritten in the form

ϕ(x) =
∑
i∈I

∫
R
ϕ
(
ai(x− b)

)
µi(db). (2.10)

II.A. In this case there exists i ∈ I such that ai is negative and non-integer.
First of all remember that a0 = 1 and b0 6= 0. Without loss of generality we
may assume that i = 1. In other words a1 ∈ (−∞, 0) ∩ (Q \ Z). Then there
exist coprime q, q0 ∈ Z such that a1 = q/q0 and q < 0. The de�nitions of q, q0

and a1 imply that q0 ≥ 2. We �x also any b1 ∈ R for which (a1, b1) ∈ suppµ.
De�ne the sequence (Dn)n∈N of sets putting

Dn :=

{
an1x0 −

n∑
i=1

ai1b1 −
sb0

qn0
: s ∈ Z

}
and let

D :=
∞⋃
n=1

Dn.

Since b0 6= 0 and q0 > 1, the density of the set D is just a consequence of
Lemma 2.3.2.
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Our goal is to prove that the function ϕ vanishes on D. We shall use
the mathematical induction with respect to n. In the �rst step we show that
ϕ|D1

= 0, i.e.

ϕ

(
a1(x0 − b1)−

sb0

q0

)
= 0 for all s ∈ Z.

Fix any k, l ∈ N ∪ {0}. At the beginning note that we can obtain the equality

0 = ϕ

(
a1(x0 − b1)− a1kb0

)
= ϕ

(
a1(x0 − b1)−

qk

q0
b0

)
in the same way as in point I.A. If we apply Lemma 2.3.1 with (cj, dj) = (a0, b0),
where j = 1, 2, ..., l, to the point a1(x0 − b1)− qk

q0
b0, then we will get

ϕ

(
a1(x0 − b1)− lb0 −

qk

q0
b0

)
= ϕ

(
a1(x0 − b1)−

q0l + qk

q0
b0

)
= 0. (2.11)

Note that the expression q0l+qk runs through the whole Z, while k, l ∈ N∪{0},
since q and q0 are coprime and of di�erent signs. Therefore equality (2.11)
implies that

ϕ(x) = 0 for every x ∈ D1.

Let n ∈ N be �xed and assume that ϕ|Dn
= 0. We prove that ϕ|Dn+1

= 0.
Take any s ∈ Z, put

r = an+1
1 x0 −

n+1∑
i=1

ai1b1 −
sb0

qn+1
0

and observe that r ∈ Dn+1. Since q and q0 are coprime and of di�erent signs,
we can �nd k, l ∈ N ∪ {0} such that qn+1

0 l + qk = s. If we use the induction
hypothesis and equality (2.10), then we will get

0 = ϕ

(
an1x0−

n∑
i=1

ai1b1−
kb0

qn0

)
=
∑
j∈I

∫
R
ϕ

(
aj

(
an1x0−

n∑
i=1

ai1b1−
kb0

qn0
−b
))

µj(db),

and thus, as ϕ is non-negative,∫
R
ϕ

(
aj

(
an1x0 −

n∑
i=1

ai1b1 −
kb0

qn0
− b
))

µj(db) = 0 for all j ∈ I.
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In particular, for j = 1 we have∫
R
ϕ

(
a1

(
an1x0 −

n∑
i=1

ai1b1 −
kb0

qn0
− b
))

µ1(db) = 0.

The function ϕ is non-negative and continuous. Hence

ϕ

(
a1

(
an1x0 −

n∑
i=1

ai1b1 −
kb0

qn0
− b
))

= 0 for every b ∈ suppµ1.

Taking b = b1 in the above equality we get

ϕ

(
an+1

1 x0 −
n∑
i=1

ai+1
1 b1 − a1b1 − a1

kb0

qn0

)
= 0.

Thus, using the representation a1 = q/q0, we come to the equality

ϕ

(
an+1

1 x0 −
n+1∑
i=1

ai1b1 −
qkb0

qn+1
0

)
= 0.

Remember that a0 = 1 and the numbers k and l were chosen such that q0l
n+1 +

qk = s. If we apply Lemma 2.3.1 with (cj, dj) = (a0, b0), where j = 1, 2, ..., l,
to the point from the last equality, then we will get

ϕ

(
an+1

1 x0 −
n+1∑
i=1

ai1b1 −
qkb0

qn+1
0

− lb0

)
= 0,

that is

ϕ

(
an+1

1 x0 −
n+1∑
i=1

ai1b1 −
qk + qn+1

0 l

qn+1
0

b0

)
= 0.

The above equality means that ϕ(r) = 0. Since r was an arbitrary element of
Dn+1, we have proven that

ϕ(x) = 0 for every x ∈ Dn+1.

Consequently, by the mathematical induction, we get ϕ|D = 0 and the proof
has been completed in case II.A.

II.B. In this case A \ Z 6= ∅ and each negative element of A is an integer.
Remember that we have a0 = 1 and b0 6= 0. We know that µ

(
(−∞, 0)×R

)
> 0.
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This condition implies that we can choose i ∈ I such that ai ∈ (−∞, 0). All
such numbers are, in view of the assumptions of case II.B, integers. Without
loss of generality we may assume that i = 1. Then a1 ∈ Z. Take an arbitrary
b1 ∈ suppµ1. Since ∅ 6= A \ Z ⊆ Q \ Z we may assume that a2 ∈ Q \ Z. Take
any b2 ∈ suppµ2. Then a2 must be positive. We de�ne also a parameter m ∈ N
such that a1a

m
2 ∈ Q\Z since it may happen that a1a2 ∈ Z. There exist coprime

q, q0 ∈ Z for which a1a
m
2 = q/q0 and q < 0. Then q0 ≥ 2. The proof in this

case is analogous to that of the previous subcase. This time a sequence of sets
(Dn)n∈N will be de�ned by

Dn :=

{
(a1a

m
2 )nx0 −

n∑
i=1

(a1a
m
2 )ib1 −

n−1∑
i=0

m∑
j=1

ai1a
im+j
2 b2 −

sb0

qn0
: s ∈ Z

}
and again we put

D =
∞⋃
n=1

Dn.

We have b0 6= 0 and q0 > 1. De�ne a sequence (un)n∈N by

un = (a1a
m
2 )nx0 −

n∑
i=1

(a1a
m
2 )ib1 −

n−1∑
i=0

m∑
j=1

ai1a
im+j
2 b2.

Then, in view of Lemma 2.3.2, we will get the density of D. Again we shall use
the mathematical induction to prove that ϕ is constant on D. First of all we
are going to show that ϕ|D1

= 0. As previously we start with the equality

ϕ
(
a1(x0 − b1)− a1kb0

)
= 0,

where k ∈ N ∪ {0} is �xed. Applying Lemma 2.3.1 with (cj, dj) = (a2, b2),
where j = 1, 2, ...,m, to the point a1(x0 − b1)− a1kb0 we get

ϕ

(
a1a

m
2 (x0 − b1)−

m∑
i=1

ai2b2 − a1a
m
2 kb0

)
= 0.

Since a1a
m
2 = q/q0, we have

ϕ

(
a1a

m
2 (x0 − b1)−

m∑
i=1

ai2b2 −
qk

q0
b0

)
= 0.
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Fix any l ∈ N ∪ {0}. If we use Lemma 2.3.1 with (cj, dj) = (a0, b0), where
j = 1, ..., l, to the point from the above equality, then we will obtain

ϕ

(
a1a

m
2 (x0 − b1)−

m∑
i=1

ai2b2 −
qk

q0
b0 − lb0

)
= 0,

that is

ϕ

(
a1a

m
2 (x0 − b1)−

m∑
i=1

ai2b2 −
qk + q0l

q0
b0

)
= 0.

Note that q and q0 are coprime and they have di�erent signs which implies that
the expression qk+q0l can take any integer value when k, l run through N∪{0}.
Hence

ϕ(x) = 0 for every x ∈ D1.

Fix n ∈ N and assume that ϕ|Dn
= 0. We will show the equality ϕ|Dn+1

= 0.
Take any s ∈ Z and put

r := (a1a
m
2 )n+1x0 −

n+1∑
i=1

(a1a
m
2 )ib1 −

n∑
i=0

m∑
j=1

ai1a
im+j
2 b2 −

sb0

qn+1
0

.

Note that r is a member of the set Dn+1. We show that ϕ(r) = 0. As in the
proof of case II.A we �x k, l ∈ N∪ {0} such that lqn+1

0 + kq = s. Such a choice
is possible since q and q0 are coprime and q < 0 < q0. Moreover, we have

ϕ

(
(a1a

m
2 )nx0 −

n∑
i=1

(a1a
m
2 )ib1 −

n−1∑
i=0

m∑
j=1

ai1a
im+j
2 b2 −

kb0

qn0

)
= 0

since the argument from the above equality belongs to Dn. Applying equality
(2.10) to the point from the last equality, for every i ∈ I and b ∈ suppµi we get

ϕ

(
ai

(
(a1a

m
2 )nx0 −

n∑
i=1

(a1a
m
2 )ib1 − b−

n−1∑
i=0

m∑
j=1

ai1a
im+j
2 b2 −

kb0

qn0

))
= 0.

In particular, for i = 1 and b = b1, we have

ϕ

(
a1(a1a

m
2 )nx0 − a1

n∑
i=1

(a1a
m
2 )ib1 − a1b1 −

n−1∑
i=0

m∑
j=1

ai+1
1 aim+j

2 b2 − a1
kb0

qn0

)
= 0.
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If we apply Lemma 2.3.1 with (cj, dj) = (a2, b2), where j = 1, 2, ...,m, to the
argument from the previous equality and use the identities

a1a
m
2

n∑
i=1

(a1a
m
2 )ib1 + a1a

m
2 b1 =

n+1∑
i=1

(a1a
m
2 )ib1

and

am2

n−1∑
i=0

m∑
j=1

ai+1
1 aim+j

2 b2 +
m∑
j=1

aj2b2 =
n∑
i=0

m∑
j=1

ai1a
im+j
2 b2,

then we get

ϕ

(
(a1a

m
2 )n+1x0 −

n+1∑
i=1

(a1a
m
2 )ib1 −

n∑
i=0

m∑
j=1

ai1a
im+j
2 b2 − a1a

m
2

kb0

qn0

)
= 0.

Since a1a
m
2 = q/q0, the last equality can be rewritten as

ϕ

(
(a1a

m
2 )n+1x0 −

n+1∑
i=1

(a1a
m
2 )ib1 −

n∑
i=0

m∑
j=1

ai1a
im+j
2 b2 −

qkb0

qn+1
0

)
= 0.

Remember that a0 = 1. If we use Lemma 2.3.1 with (cj, dj) = (a0, b0), where
j = 1, 2, ..., l, to the number from the above equality, then we will get

0 =ϕ

(
(a1a

m
2 )n+1x0 −

n+1∑
i=1

(a1a
m
2 )ib1 −

n∑
i=0

m∑
j=1

ai1a
im+j
2 b2 −

qkb0

qn+1
0

− lb0

)

=ϕ

(
(a1a

m
2 )n+1x0 −

n+1∑
i=1

(a1a
m
2 )ib1 −

n∑
i=0

m∑
j=1

ai1a
im+j
2 b2 −

lqn+1
0 + kq

qn+1
0

b0

)
.

We have chosen the numbers k and l in such a way that lqn+1
0 + kq = s. Hence

ϕ

(
(a1a

m
2 )n+1x0 −

n+1∑
i=1

(a1a
m
2 )ib1 −

n∑
i=0

m∑
j=1

ai1a
im+j
2 b2 −

sb0

qn+1
0

)
= 0,

i.e. ϕ(r) = 0. Since r was taken arbitrarily this equality implies that ϕ|Dn+1
= 0.

In view of the mathematical induction we have ϕ|D = 0 and the proof is com-
plete in case II.B.
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III. We shall consider the last case when suppµ ⊂ Z × R, that is A ⊆ Z.
We assume additionally that ϕ is bounded and, according to Remark 2.3.1, we
can put supϕ(R) ≤ 1. Remember that a0 = 1 and b0 6= 0. Since µ

(
((−∞, 0) \

{−1})×R
)
> 0 we can choose i ∈ I such that ai is a negative integer di�erent

from −1. Without loss of generality we may assume that i = 1. Fix any
b1 ∈ suppµ1. We de�ne a sequence of sets (Dn)n∈N∪{0} setting

Dn :=

{
ep...e1x0 −

p∑
i=1

ep...eifi −
sb0

an1
: p ∈ N, s ∈ Z, (e1, f1), ..., (ep, fp) ∈ suppµ

and ei0 = a1 for some i0 ∈ {1, 2, ..., p}
}
,

and let

D :=
∞⋃
n=0

Dn.

Note that Dn contains the set{
a1(x0 − b1)−

sb0

an1
: s ∈ Z

}
as a subset. We have b0 6= 0 and a2

1 > 1. Lemma 2.3.2 asserts that the set
∞⋃
n=0

{
a1(x0 − b1)−

sb0

a2n
1

: s ∈ Z
}

is dense in R. Hence also D is dense. Moreover, now we will show that the
sequence (Dn)n∈N∪{0} has the following properties:

P1 If r ∈ Dn for some n ∈ N and i ∈ I \ {1}, then

ai(r − b) ∈ Dn for every b ∈ suppµi.

P2 If r ∈ Dn for some n ∈ N, then

a1(r − b) ∈ Dn−1 for every b ∈ suppµ1.

Fix n ∈ N and take any r ∈ Dn. Let p ∈ N and (e1, f1), ..., (ep, fp) ∈ suppµ
be such that a1 is one of e1, ..., ep and

r = ep...e1x0 −
p∑
i=1

ep...eifi −
sb0

an1
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with some s ∈ Z. Take an arbitrary i ∈ I and b ∈ suppµi. Then (ai, b) ∈ suppµ
and

ai(r − b) = aiep...e1x0 − ai
p∑
i=1

ep...eifi − aib−
aisb0

an1
,

that is

ai(r − b) = ep+1ep...e1x0 −
p+1∑
i=1

ep+1...eifi −
aisb0

an1
,

where ep+1 := ai and fp+1 := b. Since A ⊆ Z we have ais ∈ Z. Consequently,
ai(r − b) ∈ Dn. If, in addition, i = 1, then ai(r − b) = a1(r − b) ∈ Dn−1.

Now we are going to show that the function ϕ is constant on D. As before
we will use the mathematical induction and start with showing that ϕ|D0

= 0.
Let us remind that

D0 =

{
ep...e1x0 −

p∑
i=1

ep...eifi − sb0 : p ∈ N, s ∈ Z, (e1, f1), ..., (ep, fp) ∈ suppµ

and ei0 = a1 for some i0 ∈ {1, 2, ..., p}
}
.

Fix any p ∈ N, s ∈ Z and (e1, f1), ..., (ep, fp) ∈ suppµ and assume that ei0 = a1

for some i0 ∈ {1, 2, ..., p}. In the �rst step we show the equality

ϕ

(
ei0...e1x0 −

i0∑
i=1

ei0...eifi − sb0

)
= 0. (2.12)

Applying Lemma 2.3.1 with (cj, dj) = (ej, fj), where j = 1, 2, ..., i0 − 1, to the
point x0 we get

ϕ

(
ei0−1...e1x0 −

i0−1∑
i=1

ei0−1...eifi

)
= 0.

Fix arbitrary k ∈ N ∪ {0} and remember that a0 = 1. If we use Lemma
2.3.1 with (cj, dj) = (a0, b0), where j = 1, 2, ..., k, to the point from the above
equality, then we obtain

ϕ

(
ei0−1...e1x0 −

i0−1∑
i=1

ei0−1...eifi − kb0

)
= 0.
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Putting x = ei0−1...e1x0 −
∑i0−1

i=1 ei0−1...eifi − kb0 in equality (2.10) we have

ϕ
(
ai(x− b)

)
= 0 for every i ∈ I and b ∈ suppµi.

If we put ai = ei0 and b = fi0 in the last equality, then we come to

ϕ

(
ei0...e1x0 −

i0∑
i=1

ei0...eifi − ei0kb0

)
= 0.

Let l ∈ N∪{0} be arbitrarily �xed. Using Lemma 2.3.1 with (cj, dj) = (a0, b0),
where j = 1, 2, ..., l, to the point from the previous equality we get

ϕ

(
ei0...e1x0 −

i0∑
i=1

ei0...eifi − (l + ei0k)b0

)
= 0.

Since ei0 is a negative integer and k, l ∈ N ∪ {0}, the expression l + ei0k can
attain any integer value. In particular, we can �nd k, l ∈ N ∪ {0} such that
l + ei0k = s. This means that equality (2.12) holds.

We use equality (2.12) to prove that

ϕ

(
ep...e1x0 −

p∑
i=1

ep...eifi − sb0

)
= 0. (2.13)

First note that in the case i0 = p equality (2.12) reduces to (2.13). Therefore
we assume that i0 < p. Since ei0+1, ..., ep are integers, we can �nd s̃ ∈ Z
and k ∈ N ∪ {0} such that s = k + ep...ei0+1s̃. If we use Lemma 2.3.1 with
(cj, dj) = (ei0+j, fi0+j), where j = 1, 2, ..., p − i0, to the point ei0...e1x0 −∑i0

i=1 ei0...e1fi − s̃b0, then we will get

ϕ

(
ep...e1x0 −

p∑
i=1

ep...eifi − ep...ei0+1s̃b0

)
= 0.

Applying Lemma 2.3.1 with (cj, dj) = (a0, b0), where j = 1, 2, ..., k, to the point
from the last equality we come to

ϕ

(
ep...e1x0 −

p∑
i=1

ep...eifi − (k + ep...ei0+1s̃)b0

)
= 0.
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Putting s = k + ep...ei0+1s̃, we get

ϕ

(
ep...e1x0 −

p∑
i=1

ep...eifi − sb0

)
= 0.

Hence ϕ|D0
= 0.

Now assume that ϕ|Dn
= 0 for some n ∈ N ∪ {0}. We prove that ϕ|Dn+1

=
0. Let r ∈ Dn+1 be �xed and put J := I \ {1}. Property P2 asserts that
a1(r − b) ∈ Dn for every b ∈ suppµ1. Hence using equality (2.10) and the
inductive hypothesis we get

ϕ(r) =
∑
i∈I

∫
R
ϕ
(
ai(r − b)

)
µi(db)

=
∑
i∈J

∫
R
ϕ
(
ai(r − b)

)
µi(db) +

∫
R
ϕ
(
a1(r − b)

)
µ1(db)

=
∑
i∈J

∫
R
ϕ
(
ai(r − b)

)
µi(db) + 0 =

∑
i∈J

∫
R
ϕ
(
ai(r − b)

)
µi(db).

The function ϕ is bounded above by 1. Therefore

ϕ(r) =
∑
i∈J

∫
R
ϕ
(
ai(r − b)

)
µi(db) ≤

∑
i∈J

∫
R
µi(db) =

∑
i∈J

µi(R) = 1− µ1(R).

If we use equation (2.10) for every i ∈ J , then we will get∫
R
ϕ(ai(r − b1))µi(db1) =

∫
R

[∑
j∈I

∫
R
ϕ

(
aj
(
ai(r − b1)− b2

))
µj(db2)

]
µi(db1).

Property P1 asserts that ai(r − b1) ∈ Dn+1 for every i ∈ J and b1 ∈ suppµi.
Moreover, property P2 implies that a1

(
ai(r − b1) − b2

)
∈ Dn for every i ∈ J

and (ai, b1), (a1, b2) ∈ suppµ. Since ϕ|Dn
= 0, we have

ϕ
(
a1

(
ai(r − b1)− b2

))
= 0 for every i ∈ J and (ai, b1), (a1, b2) ∈ suppµ.

Hence and from the fact that ϕ is bounded above by 1 we have for all i ∈ I the
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inequalities∫
R

ϕ(ai(r − b1))µi(db1) =

∫
R

[∑
j∈I

∫
R

ϕ

(
aj
(
ai(r − b1)− b2

))
µj(db2)

]
µi(db1)

=

∫
R

[∑
j∈J

∫
R

ϕ

(
aj
(
ai(r − b1)− b2

))
µj(db2)

]
µi(db1)

≤
∫
R

[∑
j∈J

∫
R

µj(db2)

]
µi(db1) =

∫
R

[∑
j∈J

µj(R)

]
µi(db1)

=µi(R)
∑
j∈J

µj(R) = µi(R)(1− µ1(R)).

If we put the above estimations into the equality

ϕ(r) =
∑
i∈J

∫
R
ϕ
(
ai(r − b)

)
µi(db),

then we will get

ϕ(r) ≤
(
1− µ1(R)

)∑
i∈J

µi(R) =
(
1− µ1(R)

)2
.

In a similar way, using several times P1 and P2 and taking into account that
the function ϕ vanishes on Dn and fact that ϕ satis�es equation (2.10), one can
inductively show that

ϕ(r) =
∑

i1,...,iq∈J

∫
Rq

ϕ

(
aiq
(
...(ai1(r−b1)−b2)...−biq

))(
µi1⊗...⊗µiq

)
(db1, ..., dbq),

where q ∈ N. Therefore, since all values of ϕ lie in [0, 1], we have

ϕ(r) ≤
(
1− µ1(R)

)q
for every q ∈ N,

and thus ϕ(r) = 0 because of the condition µ1(R) ∈ (0, 1). Consequently,
we get ϕ(x) = 0 for every x ∈ Dn+1. Summarizing we see that ϕ vanishes
on D.

Remark 2.3.2. The assertion of Theorem 2.3.1 is false when µ
(
{−1, 1} ×

R
)

= 1. This case is covered by Theorem 2.2.2.
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The condition (1, b) ∈ suppµ, where b 6= 0, is not satis�ed for all measures
obviously. Thus, I was trying to �nd another result like Theorem 2.3.1. I show
the e�ect of my work below. We start with a very simple fact.

Lemma 2.3.3 (Lemma 2.8, [37]). Let a ∈ (−1, 1) \ {0} and t ∈ (0,∞).
If (un)n∈N is a sequence of negative numbers, then the set

∞⋃
n=1

{
un + ankt : k ∈ N ∪ {0}

}
is dense in the positive half line.

Proof. Let x, ε ∈ (0,∞) be �xed. Choose n0 ∈ N such that a2n0t < ε and take
any n ≥ n0. Note that a2n > 0, thus

(0,∞) ⊂
∞⋃
k=0

[
u2n + a2nkt, u2n + a2n(k + 1)t

)
.

We can �nd k0 ∈ N ∪ {0} such that x ∈
[
u2n + a2nk0t, u2n + a2n(k0 + 1)t

)
. In

the end observe that the length of this interval is less then ε.

We are going to prove the next theorem giving another conditions under
which every continuous solution of the archetypal equation attaining the global
extremum is constant.

Theorem 2.3.2 (Theorem 2.9, [37]). Assume that µ
(
(−∞, 0) × R

)
> 0 and

there exist points (a1, b1), ..., (as, bs) ∈ suppµ such that min{|a1|, ..., |as|} < 1,
a1 · ... · as = −1 and

2s∑
i=1

aσ(2s) · ... · aσ(i)bσ(i) 6= 0, (2.14)

for some integer s ≥ 2 and σ : {1, 2, ..., 2s} → {1, 2, ..., s} which takes each
value exactly twice, then every continuous solution ϕ : R→ R of equation (2.1)
attaining the global extremum is constant.

Proof. According to Remark 2.3.1 we may assume that inf ϕ(R) = 0 and there
exists x0 ∈ R such that ϕ(x0) = 0. Observe that the assumptions imposed on
a1, ..., as and σ give

aσ(1) · ... · aσ(2s) = (a1 · ... · as)2 = (−1)2 = 1.
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If we apply Lemma 2.3.1 with (ci, di) = (aσ(i), bσ(i)) for i = 1, ..., 2s to the point
x0, then we get

ϕ

(
aσ(1)...aσ(2s)x0 −

2s∑
i=1

aσ(2s)...aσ(i)bσ(i)

)
= ϕ

(
x0 −

2s∑
i=1

aσ(2s)...aσ(i)bσ(i)

)
= 0.

Denote −
∑2s

i=1 aσ(2s) · ... · aσ(i)bσ(i) by t for simplicity. Then the last equality
can be rewritten as

ϕ(x0 + t) = 0.

If we again use Lemma 2.3.1 with (ci, di) = (aσ(i), bσ(i)) for i = 1, ..., 2s to the
point x0 + t, then we get ϕ(x0 + 2t) = 0. By the induction one can prove that

ϕ
(
x0 + kt

)
= 0 for every k ∈ N ∪ {0}. (2.15)

Now �x any k ∈ N∪{0}. Using Lemma 2.3.1 with (ci, di) = (ai, bi) for every
i = 1, 2, ..., s to the point x0 + kt, then we come to

ϕ

(
as · ... ·a1(x0 +kt)−

s∑
i=1

as · ... ·aibi
)

= ϕ

(
−x0−kt−

s∑
i=1

as · ... ·aibi
)

= 0

since a1 · ... · as = −1. Therefore we have

ϕ
(
y0 − kt

)
= 0 for all k ∈ N ∪ {0}, (2.16)

where y0 := −x0 −
∑s

i=1 as...aibi.
Without loss of generality we may assume that |a1| < 1. Let k ∈ N ∪ {0}

and n ∈ N be taken arbitrarily. If we use Lemma 2.3.1 with (ci, di) = (a1, b1)
for every i = 1, 2, ..., n to the points x0 + kt and y0 − kt, then we obtain the
equalities

ϕ

(
an1x0 −

n∑
j=1

aj1b1 + an1kt

)
= 0 (2.17)

and

ϕ

(
an1y0 −

n∑
j=1

aj1b1 − an1kt
)

= 0, (2.18)

respectively.
We know that t 6= 0, that is either positive, or negative. We consider the �rst

case. Conditions (2.15) and (2.16) imply that the set of zeros of the function ϕ
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is unbounded both from above and from below. Therefore for every n ∈ N we
can choose a zero un ∈ R of the function ϕ such that

an1un −
n∑
j=1

aj1b1 < 0.

We de�ne also a sequence (vn)n∈N of zeros of the function ϕ ful�lling the in-
equalities

an1

(
− vn −

s∑
i=1

as...aibi

)
−

n∑
j=1

aj1b1 > 0 for every n ∈ N.

Equalities (2.17) and (2.18) imply that for every n ∈ N and k ∈ N ∪ {0} we
have

ϕ

(
an1un −

n∑
j=1

aj1b1 + an1kt

)
= 0

and

ϕ

(
an1

(
− vn −

s∑
i=1

as...aibi

)
−

n∑
j=1

aj1b1 − an1kt
)

= 0.

Put

E :=
∞⋃
n=1

{
an1un −

n∑
j=1

aj1b1 + an1kt : k ∈ N ∪ {0}
}

and

F :=
∞⋃
n=1

{
an1

(
− vn −

s∑
i=1

as...aibi

)
−

n∑
j=1

aj1b1 − an1kt : k ∈ N ∪ {0}
}
.

Then ϕ|E∪F = 0. Lemma 2.3.3 asserts that E and −F are dense in (0,∞).
Hence E ∪ F is dense in R, and thus ϕ is constant. If t is negative, the proof
is similar and we omit it.

If s = 2 condition (2.14) reduces to a simpler form which is easy to check.

Corollary 2.3.1 (Corollary 2.10, [37]). Assume that µ
(
(−∞, 0)×R

)
> 0 and

there exist (a1, b1), (a2, b2) ∈ suppµ such that |a1| 6= 1, a1a2 = −1 and

b2 6=
a2

1 + a1

a1 − 1
b1.
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Then every continuous solution of equation (2.1) attaining the global extremum
is constant.

Proof. We shall check that all assumptions of Theorem 2.3.2 are satis�ed. Obvi-
ously conditions |a1| 6= 1 and a1a2 = −1 imply that either |a1| < 1 or |a2| < 1.
It remains to check (2.14). We can treat σ as a sequence (σ(1), σ(2), σ(3), σ(4))
of digits 1 and 2; each of them appears twice. We will see that for σ =
(1, 1, 2, 2) condition (2.14) holds. Putting equality a2 = − 1

a1
into the sum∑2s

i=1 aσ(2s) · ... · aσ(i)bσ(i) we get

a2
1a

2
2b1 + a1a

2
2b1 + a2

2b2 + a2b2 = b1 +
1

a1
b1 +

1

a2
1

b2 −
1

a1
b2.

The above expression takes value 0 if and only if(
1 +

1

a1

)
b1 =

(
1

a1
− 1

a2
1

)
b2,

that is

b2 =
a2

1 + a1

a1 − 1
b1.

Since we assumed that b2 6= a21+a1
a1−1 b1, condition (2.14) is satis�ed.

Unfortunately the class of measures from Theorems 2.3.1 and 2.3.2 still do
not cover all possibilities. This fact can be illustrated by the simple example
from [37].

Example 2.3.1. Take any probability measure µ on R2 with the support
{(−2, 1), (2, 2)}. Then we cannot use Theorem 2.3.1 since there is no point
of the form (1, b) with b 6= 0 in suppµ. We cannot use also Theorem 2.3.2 as
suppµ does not contain a point of the form (a, b) ∈ R2 with |a| < 1.

Other examples will be presented at the end of the next section.

2.4 Oscillating solutions

In this part we consider solutions which do not attain the global extremum.
The below analyses have been made by me in [37]. We begin with the following
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Theorem 2.4.1 (Theorem 3.1, [37]). Assume that µ
((

(−∞, 0)\{−1}
)
×R
)
> 0

and there exists b ∈ R \ {0} such that (1, b) ∈ suppµ. Let ϕ : R → R be
a bounded continuous solution of (2.1). Then

lim inf
x→−∞

ϕ(x) = lim inf
x→∞

ϕ(x) = inf ϕ(R) (2.19)

and
lim sup
x→−∞

ϕ(x) = lim sup
x→∞

ϕ(x) = supϕ(R). (2.20)

Proof. We will show equalities (2.19) only. Choose a sequence (xn)n∈N of reals
such that

ϕ(xn)→ inf ϕ(R).

If (xn)n∈N is bounded, then one can �nd its subsequence (yn)n∈N which is con-
vergent to some x0 ∈ R. Then, by the continuity of the function ϕ, we have
ϕ(x0) = inf ϕ(R). Hence, by Theorem 2.3.1, we know that ϕ is constant and
equalities (2.19) hold. So we may assume that (xn)n∈N is unbounded. Then we
can choose its subsequence (yn)n∈N such that either yn → −∞, or yn → ∞.
Consider, for instance, the �rst possibility. Then

lim
n→∞

ϕ(yn) = inf ϕ(R),

and thus
lim inf
x→−∞

ϕ(x) = inf ϕ(R).

Since, in view of Theorem 4.2 from [10], we have

lim inf
x→−∞

ϕ(x) = lim inf
x→∞

ϕ(x),

we come to (2.19).

The following result can be deduced immediately from the above theorem.

Corollary 2.4.1 (Corollary 3.2, [37]). Let µ
((

(−∞, 0)\{−1}
)
×R
)
> 0 and let

b ∈ R \ {0} be such that (1, b) ∈ suppµ. Assume that ϕ : R→ R is a bounded
continuous solution of (2.1). If at least one of the limits limx→−∞ ϕ(x) and
limx→∞ ϕ(x) exists, then ϕ is constant.

Corollary 2.4.1 and Theorem 2.3.1 provide a partial solution to the problem
posed by Gregory Derfel. More precisely, we have
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Corollary 2.4.2. Let ϕ : R→ R be a bounded continuous solution of equation
(2.8). If the function ϕ attains its global extremum or there exists at least one
of the limits limx→−∞ ϕ(x) and limx→∞ ϕ(x), then ϕ is constant.

We have also the analogical results generated by Theorem 2.3.2.

Theorem 2.4.2 (Theorem 3.3, [37]). Assume that µ
(
(−∞, 0) × R

)
> 0 and

there exist points (a1, b1), ..., (as, bs) ∈ suppµ such that min{|a1|, ..., |as|} < 1,
a1 · ... · as = −1 and condition (2.14) is satis�ed for some integer s ≥ 2 and
σ : {1, 2, ..., 2s} → {1, 2, ..., s} taking the values exactly twice. Let ϕ : R → R
be a bounded continuous solution of (2.1). Then

lim inf
x→−∞

ϕ(x) = lim inf
x→∞

ϕ(x) = inf ϕ(R)

and
lim sup
x→−∞

ϕ(x) = lim sup
x→∞

ϕ(x) = supϕ(R).

Corollary 2.4.3 (Corollary 3.4, [37]). Assume that µ
(
(−∞, 0) × R

)
> 0 and

there exist points (a1, b1), ..., (as, bs) ∈ suppµ such that min{|a1|, ..., |as|} < 1,
a1 · ... · as = −1 and condition (2.14) is satis�ed for some integer s ≥ 2
and σ : {1, 2, ..., 2s} → {1, 2, ..., s} taking the values exactly twice. Let
ϕ : R → R be a bounded continuous solution of (2.1). If at least one of
the limits limx→−∞ ϕ(x) and limx→∞ ϕ(x) exists, then ϕ is constant.

The above corollaries can be compared with a similar theorem by L. Bo-
gachev, G. Derfel and S. Molchanov (see [10, Theorem 4.3]).

Theorem 2.4.3 (Bogachev, Derfel, Molchanov, [10]). Assume the conditions:
µ((−∞, 0)×R) > 0, µ({0}×R) = 0, µ({−1, 1}×R) < 1, µ

(
{(a, b) ∈ R2 : a(c−

b) = c}
)
< 1 for all c ∈ R and assume that

∫∫
R2 ln(max(|b|, 1))µ(da, db) < ∞

and K =
∫∫

R2 ln |a|µ(da, db) ∈ (0,∞). Let ϕ : R→ R be a bounded continuous
solution of (2.1). If at least one of the limits limx→−∞ ϕ(x) and limx→∞ ϕ(x)
exists, then ϕ is constant.

The above results (Corollary 2.4.1, Corollary 2.4.3 and Theorem 2.4.3) are
not comparable: none of them implies the other. This fact is illustrated by the
below examples coming from [37].
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Example 2.4.1. Assume that µ
(
{(1, 1)}

)
= 1/2 and

µ

({
(−e2n, 0)

})
=

1

2n
for n = 2, 3, ...

Note that in the case like this

K =
1

2
ln |1|+

∞∑
n=2

1

2n
ln

∣∣∣∣− e2n
∣∣∣∣ =

∞∑
n=2

1 =∞.

This implies that Theorem 2.4.3 cannot be used. Moreover µ
((

(−∞,−1) ∪
(−1, 0)

)
×R

)
= 1/2. Corollary 2.4.1 can be applied because of the inequalities

µ
((

(−∞,−1) ∪ (−1, 0)
)
× R

)
> 0 and µ({(1, 1)}) > 0. Thus each bounded

continuous solution ϕ : R→ R of the equation

ϕ(x) =
1

2
ϕ(x− 1) +

∞∑
n=2

1

2n
ϕ(−e2nx)

having at least one of the limits limx→−∞ ϕ(x) and limx→∞ ϕ(x) is constant.

If we change the above example only in one place, then we can apply neither
Corollaries 2.4.1 and 2.4.3, nor Theorem 2.4.3.

Example 2.4.2. Assume that µ
(
{(e, 1)}

)
= 1/2 and

µ
(
{(−e2n, 0)}

)
=

1

2n
for n = 2, 3, ...

For the measure µ we cannot use Corollary 2.4.1 since there is no b ∈ R \ {0}
such that µ

(
{(1, b)}

)
> 0. Further, observe that if µ

(
{(a, b)}

)
> 0, then

|a| > 1. Therefore we cannot apply Corollary 2.4.3 in this example. Theorem
2.4.3 also cannot be used here from the same reason as in the previous exam-
ple. In consequence, we know nothing about non-constant bounded continuous
solutions ϕ : R→ R of the equation

ϕ(x) =
1

2
ϕ(ex− e) +

∞∑
n=2

1

2n
ϕ(−e2nx).

In the last example Theorem 2.4.3 can be applied but Corollaries 2.4.1 and
2.4.3 cannot.
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Example 2.4.3. Assume that µ
(
{(−1, 1)}

)
= µ

(
{(−e, 0)}

)
= 1/2. All as-

sumptions from Theorem 2.4.3 are satis�ed. Indeed

K =
1

2
ln | − 1|+ 1

2
ln | − e| = 1

2
<∞

and∫∫
R2

ln(max(|b|, 1))µ(da, db) =
1

2
ln(max(|1|, 1))+

1

2
ln(max(|e|, 1)) =

1

2
<∞.

Corollaries 2.4.1 and 2.4.3 cannot be used here from the same reasons as in
the previous example. Therefore, in view of Theorem 2.4.3, every bounded
continuous solution ϕ : R→ R of the equation

ϕ(x) =
1

2
ϕ(−x− 1) +

1

2
ϕ(−ex),

which has at least one of the limits limx→−∞ ϕ(x) and limx→∞ ϕ(x), must be
constant.
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Chapter 3

Equations with not necessarily a�ne

transforms of the argument

The present chapter contains results which have never been published and sub-
mitted as a paper. I decided to present them in the PhD thesis since they are
very close to the theorems obtained by me in the previous chapter. During my
visit at the Silesian University in Katowice in October 2017, Professor Janusz
Morawiec paid my attention to the Kuratowski relation (see De�nition 1.1.1).
As we will see this equivalence relation is strictly connected with functional
equations in a single variable. When I was a guest of Janusz Morawiec I had
already known that any bounded continuous solution of equation (2.8) attaining
its global extremum must be constant. I generalized this result in a few direc-
tions as we could see in Chapter 2, see also [36]. I decided to examine functional
equations for which transforms of arguments are arbitrary homeomorphisms of
the real line. For this purpose I introduced the compatibility conditions � for
their de�nitions see Section 3.1.

In my opinion, the Kuratowski relation can be very helpful to deeper un-
derstanding the problem posed by Gregory Derfel and why his equation (2.8)
is so hard to solve � a dicussion on the connection between the Kuratowski
equivalence relation and this equation the reader will �nd in Chapter 5.

In this chapter we �x a set I ⊆ Z and the family F = {fi : R→ R| i ∈ I}
of homeomorphisms. We have given also a set of positive reals {pi : i ∈ I}
summing up to 1. In the present chapter we shall examine the equation

ϕ(x) =
∑
i∈I

piϕ
(
fi(x)

)
. (3.1)

We are looking for its continuous solutions ϕ : R→ R.



Chapter 3 contains three sections. In the �rst one we introduce the compat-
ibility conditions and examine relations between them. Section 4.2 is devoted
to solutions of equation (3.1) attaining the global extremum on the equivalence
class generated by the Kuratowski relation. That section contains also results
connected with continuous solutions of (3.1). In the last section we examine
solutions having the limits at ∞ and −∞ and present one example illustrating
our analysis.

It is worth adding that all presented results and examples are obtained by
me and they have never been written down before. For these reasons the bibli-
ographical details do not appear in statements of lemmas, theorems etc.

3.1 Compatibility conditions

We will analyse equation (3.1) when the inner functions satisfy some compati-
bility conditions. We de�ne them as follows.

De�nition 3.1.1. We say that the family {fi : R → R| i ∈ I} satis�es the
weak compatibility condition if for all i, j ∈ I there exist k ∈ N and i1, ..., ik ∈ I
such that

fi ◦ fj ◦ f−1
i = fi1 ◦ ... ◦ fik .

De�nition 3.1.2. We say that the family {fi : R → R| i ∈ I} satis�es the
strong compatibility condition if for all i, j ∈ I there exist k ∈ N and i1, ..., ik ∈ I
such that

fj ◦ f−1
i = fi1 ◦ ... ◦ fik .

Since iterates of the inner functions usually appear in the formulas of solu-
tions of such equations, the compatibility conditions provide more regularity for
them behaviour.

In the below remarks we will see relations between di�erent types of the
compatibility conditions.

Remark 3.1.1. First of all note that if the family {fi : R → R| i ∈ I}
satis�es the strong compatiblity condition, then this family satis�es weak one.
The next example shows that we cannot reverse this implication.

Example 3.1.1. Put I = N. We de�ne the family F as follows

fi(x) = x− i for every i ∈ I.
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Observe that for all i, j ∈ I we have

fi ◦ fj ◦ f−1
i = fj.

This equality means that F ful�lls the weak compatibility condition. Moreover,
if i, j ∈ I are such that j < i, then we have(

fj ◦ f−1
i

)
(x) = x+ i− j for all x ∈ R.

Since i− j is positive, we are not able to express the above function as a �nite
number of compositions of mappings from the family F . Therefore this family
does not satisfy the strong compatibility condition.

In the above example we could easily express the function fi◦fj◦f−1
i for every

i, j ∈ I as compositions of the functions fi, i ∈ I, since the above mappings are
pairwise commuting. The situation occuring there is a particular case of a more
general phenomena.

Remark 3.1.2. If the functions fi, i ∈ I, are pairwise commuting, then F
ful�lls the weak compatibily condition.

Further, it is easy to see that we have the following implication.

Remark 3.1.3. If for every i ∈ I there exists j ∈ I such that fi = f−1
j , then

the family {fi : R→ R| i ∈ I} satis�es the strong compatibility condition.

Remark 3.1.4. It is worth mentioning that there is an extremly rare case
when the above condition is satis�ed. If {fi : R → R| i ∈ I} contains
involutions only, then in view of the above remark this family satis�es the
strong compatibility condition. We remind that a function f : R → R is
called an involution if f 2 = IdR. This condition is equivalent to the facts
saying that f is bijective and f−1 = f . One can note that if an increasing
homeomorphism f : R → R is an involution, then f is the identity. Therefore
non-trivial continuous involutions mapping R onto R are decreasing. For the
details and more interesting facts concerning involutions the reader is referred
to [26, Chapter 15] or [29].

3.2 Solutions attaining the global extremum

In this section we prove the results which are similar to the theorems from
Chapter 2. Remind that the symbol ∼ denotes the Kuratowski equivalence
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relation (with respect to a given family of homeomorphisms of the real line) �
this relation was described in De�nition 1.1.1. We denote its equivalence class
generated by some real number x as [x]∼.

At the beginning of this section we prove the following lemma (compare with
Lemma 2.3.1).

Lemma 3.2.1. Assume that ϕ : R → R is a solution of equation (3.1) and
there exists x0 ∈ R such that

ϕ(x0) = inf ϕ
(
[x0]∼

)
(3.2)

or
ϕ(x0) = supϕ

(
[x0]∼

)
. (3.3)

Then
ϕ(x0) = ϕ

(
(fj1 ◦ ... ◦ fjn)(x0)

)
(3.4)

for every n ∈ N and j1, ..., jn ∈ I.

Proof. We will prove this lemma only in the case when equality (3.2) holds. Fix
any n ∈ N and j1, ..., jn ∈ I. Observe that since ϕ(x0) = inf ϕ([x0]∼), then we
have

ϕ(x0) ≤ ϕ
(
fi(x0)

)
for all i ∈ I.

Hence and from (3.1) we can deduce

ϕ(x0) = ϕ
(
fi(x0)

)
for all i ∈ I

as non-negative numbers pi, i ∈ I, sum up to 1. In particular, we have the
equality ϕ(x0) = ϕ

(
fjn(x0)

)
. Repeating this argument n − 1 times we come

to (3.4).

In the �rst half of this section we consider the case when the strong com-
patibility condition is satis�ed. This is my �rst main theorem connected with
equation (3.1) and compatibility conditions.

Theorem 3.2.1. Assume that F satis�es the strong compatibility condition.
If ϕ : R → R is a solution of equation (3.1) and there exists x0 ∈ R such that
(3.2) or (3.3) holds, then ϕ|[x0]∼ is constant.
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Proof. Assume that (3.2) is satis�ed. Fix any y ∈ [x0]∼. We have to show
that ϕ(y) = ϕ(x0). By the de�nition of the relation ∼ we can �nd k ∈ N,
i1, ..., ik ∈ I and ε1, ..., εk ∈ {−1, 1} such that

y =
(
f ε1i1 ◦ ... ◦ f

εk
ik

)
(x0). (3.5)

Note that it is su�cient to prove the equality

ϕ(x0) = ϕ
(
f εkik (x0)

)
,

and then, repeating k− 1 times this argument we get (3.5). Note that the case
εk = 1 is covered by Lemma 3.2.1. It remains to consider the case εk = −1
only.

We will show that ϕ(f−1
ik

(x0)) = ϕ(x0). If we apply equality (3.1) to the
point f−1

ik
(x0), then we will get

ϕ
(
f−1
ik

(x0)
)

=
∑
i∈I

piϕ
(
fi(f

−1
ik

(x0))
)
.

We know that the family F satis�es the strong compatibilty condition and
equality (3.4) holds. These two facts imply

ϕ
(
fi(f

−1
ik

(x0))
)

= ϕ(x0) for all i ∈ I \ {ik}.

For i = ik the above equality becomes trivial. Therefore

ϕ(f−1
ik

(x0)) =
∑
i∈I

piϕ
(
fi(f

−1
ik

)(x0)
)

=
∑
i∈I

piϕ(x0) = ϕ(x0)

and the proof has been completed. If we assumed (3.3), then the proof would
be similar.

If we restrict our consideration to the class of continuous functions, we can
deduce the following result.

Corollary 3.2.1. Assume that F satis�es the strong compatibility condition
and ϕ : R → R is a continuous solution of equation (3.1). If there exists
x0 ∈ R such that [x0]∼ is dense in R and ϕ|[x0]∼ attains the global extremum,
then ϕ is constant.

Now we are going to analyse equation (3.1) in the case when the family F
satis�es the weak compatibility condition. The second main theorem of this
section reads as follows.
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Theorem 3.2.2. Assume that the family F satis�es the weak compatibility
condition. If ϕ : R→ R is a solution of equation (3.1) and there exists x0 ∈ R
such that ϕ|[x0]∼ is bounded above [below] and equality (3.2) [(3.3)] holds, then
ϕ|[x0]∼ is constant.

Proof. Assume that equality (3.2) is satis�ed and the function ϕ|[x0]∼ is bounded
above. As in the proof of Theorem 3.2.1 we need only to show the equality

ϕ(x0) = ϕ
(
f εi (x0)

)
for all i ∈ I and ε ∈ {−1, 1}.

Note that the above equality holds for ε = 1 because of Lemma 3.2.1. Therefore
we will restrict our reasoning to the case ε = −1 only. Take any j ∈ I. We will
show that ϕ(f−1

j (x0)) = ϕ(x0). Let M ∈ (0,∞) be such that

ϕ(x) ≤M for all x ∈ [x0]∼.

First of all note that for every k ∈ N and i1, ..., ik ∈ I we have

fj ◦ (fi1 ◦ ... ◦ fik) ◦ f−1
j = (fj ◦ fi1 ◦ f−1

j ) ◦ (fj ◦ fi2 ◦ f−1
j ) ◦ ... ◦ (fj ◦ fik ◦ f−1

j ).

The above identity, jointly with the weak compatibility condition and Lemma
3.2.1, imply that

ϕ
(
(fj ◦fi1 ◦ ...◦fik ◦f−1

j )(x0)
)

= ϕ(x0) for all k ∈ N and i1, ..., ik ∈ I. (3.6)

Now we will show inductively (with respect to n ∈ N) the equality
ϕ
(
f−1
j (x0)

)
=
[
1− (1− pj)n

]
ϕ(x0)

+
∑

i1,...,in∈I\{j}

pi1...pinϕ
(
(fin ◦ ... ◦ fi1 ◦ f−1

j )(x0)
). (3.7)

Denote the set I \ {j} by J for simplicity. At the beginning we check that
equality (3.7) holds for n = 1. Applying equality (3.1) to the point f−1

j (x0) we
obtain

ϕ
(
f−1
j (x0)

)
=
∑
i∈I

piϕ
(
fi
(
f−1
j (x0)

))
=pjϕ

(
fj
(
f−1
j (x0)

))
+
∑
i∈J

piϕ
(
fi
(
f−1
j (x0)

))
=pjϕ(x0) +

∑
i∈J

piϕ
(
fi
(
f−1
j (x0)

))
=
[
1− (1− pj)

]
ϕ(x0) +

∑
i∈J

piϕ
(
(fi ◦ f−1

j )(x0)
)
.
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Now suppose that (3.7) is satis�ed for some n ∈ N and note that

(1− pj)n =

(∑
i∈J

pi

)n
=

∑
(i1,...,in)∈Jn

pi1...pin. (3.8)

Then, using (3.6) and (3.8), we obtain

ϕ
(
f−1
j (x0)

)
=
[
1− (1− pj)n

]
ϕ(x0)

+
∑

(i1,...,in)∈Jn

pi1...pinϕ
(
(fin ◦ ... ◦ fi1 ◦ f−1

j )(x0)
)

=
[
1− (1− pj)n

]
ϕ(x0)

+
∑

(i1,...,in,in+1)∈Jn×I

pi1...pin+1
ϕ
(
(fin+1

◦ ... ◦ fi1 ◦ f−1
j )(x0)

)
=
[
1− (1− pj)n

]
ϕ(x0)

+
∑

(i1,...,in,in+1)∈Jn×{j}

pi1...pin+1
ϕ
(
(fin+1

◦ ... ◦ fi1 ◦ f−1
j )(x0)

)
+

∑
(i1,...,in+1)∈Jn+1

pi1...pin+1
ϕ
(
(fin+1

◦ ... ◦ fi1 ◦ f−1
j )(x0)

)
=
[
1− (1− pj)n

]
ϕ(x0)

+
∑

(i1,...,in)∈Jn

pi1...pinpjϕ
(
(fj ◦ fin ◦ ... ◦ fi1 ◦ f−1

j )(x0)
)

+
∑

(i1,...,in+1)∈Jn+1

pi1...pin+1
ϕ
(
(fin+1

◦ ... ◦ fi1 ◦ f−1
j )(x0)

)
=
[
1− (1− pj)n

]
ϕ(x0) + pj

∑
(i1,...,in)∈Jn

pi1...pinϕ(x0)

+
∑

(i1,...,in+1)∈Jn+1

pi1...pin+1
ϕ
(
(fin+1

◦ ... ◦ fi1 ◦ f−1
j )(x0)

)
=
[
1− (1− pj)n

]
ϕ(x0) + pj(1− pj)nϕ(x0)

+
∑

(i1,...,in+1)∈Jn+1

pi1...pin+1
ϕ
(
(fin+1

◦ ... ◦ fi1 ◦ f−1
j )(x0)

)
=
[
1− (1− pj)n+1

]
ϕ(x0)

+
∑

(i1,...,in+1)∈Jn+1

pi1...pin+1
ϕ
(
(fin+1

◦ ... ◦ fi1 ◦ f−1
j )(x0)

)
.
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By the mathematical induction, equality (3.7) holds for every n ∈ N. We
assumed that the function ϕ is bounded above by M on [x0]∼. Using this fact
jointly with equalities (3.7) and (3.8) we can get for every n ∈ N the following
estimation

ϕ
(
f−1
j (x0)

)
=
[
1− (1− pj)n

]
ϕ(x0) +

∑
i1,...,in∈J

pi1...pinϕ
(
(fin ◦ ... ◦ fi1 ◦ f−1

j )(x0)
)

≤
[
1− (1− pj)n

]
ϕ(x0) +

∑
i1,...,in∈J

pi1...pinM

=
[
1− (1− pj)n

]
ϕ(x0) + (1− pj)nM .

Since pj ∈ (0, 1), taking n→∞ in the above inequality we get

ϕ(f−1
j (x0)) ≤ ϕ(x0).

Hence ϕ(f−1
j (x0)) = ϕ(x0) because of (3.2) and the proof is complete.

The above theorem is a result of my work with the weak compatibility con-
dition.

Remark 3.2.1. We see that Theorem 3.2.2 is very close to Theorem 3.2.1. In
the above statement we assumed that the family F satis�es the weak compat-
ibility condition in contrast to the strong compatibility condition from Theo-
rem 3.2.1. Nevertheless, the price is an additional assumption saying that ϕ|[x0]∼

is bounded above or below.

Furthermore, if we restrict ourselves to bounded continuous solutions of equa-
tion (3.1), then we can deduce the corollary which is formulated in the similar
way to Corollary 3.2.1.

Corollary 3.2.2. Assume that F satis�es the weak compatibility condition and
ϕ : R → R is a bounded continuous solution of equation (3.1). If there exists
x0 ∈ R such that [x0]∼ is dense in R and ϕ|[x0]∼ attains the global extremum,
then ϕ is constant.

3.3 Further results and examples

Until now we were not interested in the type of monotonicity of homeomor-
phisms from F . As we will see if at least one member of F is decreasing, then
an asymptotical behaviour of the solutions becomes simpler.
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We start our considerations with

Proposition 3.3.1. Let ϕ : R→ R be a bounded solution of equation (3.1). If
at least one function from F is decreasing, then

lim inf
x→−∞

ϕ(x) = lim inf
x→∞

ϕ(x)

and
lim sup
x→−∞

ϕ(x) = lim sup
x→∞

ϕ(x).

Proof. The presented reasoning is the same as in the proof of Theorem 4.2 from
[10] but we will present it for the sake of completeness. We prove the �rst
equality only. De�ne J ⊆ I as follows

J =
{
i ∈ I : fi is decreasing

}
and put q :=

∑
i∈J pi. Then

lim inf
x→−∞

ϕ(x) = lim inf
x→−∞

∑
i∈I

piϕ
(
fi(x)

)
≥
∑
i∈I

pi lim inf
x→−∞

ϕ
(
fi(x)

)
=
∑
i∈J

pi lim inf
x→−∞

ϕ
(
fi(x)

)
+
∑
i∈I\J

pi lim inf
x→−∞

ϕ
(
fi(x)

)
=
∑
i∈J

pi lim inf
x→∞

ϕ(x) +
∑
i∈I\J

pi lim inf
x→−∞

ϕ(x)

=q lim inf
x→∞

ϕ(x) + (1− q) lim inf
x→−∞

ϕ(x).

Since q > 0, we have lim infx→−∞ ϕ(x) ≥ lim infx→∞ ϕ(x). We can get the op-
posite inequality in the analogical way. Therefore we have lim infx→−∞ ϕ(x) =
lim infx→∞ ϕ(x) and the proof has been �nished.

We get immediately

Corollary 3.3.1. Let ϕ : R → R be a bounded solution of equation (3.1).
Assume that F contains a decreasing function. If at least one of the limits
limx→−∞ ϕ(x) and limx→∞ ϕ(x) exists, then they both exist and

lim
x→−∞

ϕ(x) = lim
x→∞

ϕ(x).
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Proof. It follows directly from Proposition 3.3.1 and from the fact that at least
one of the equalities lim infx→−∞ ϕ(x) = lim supx→−∞ ϕ(x) and lim infx→∞ ϕ(x)
= lim supx→∞ ϕ(x) holds true.

I suppose that the above results (Proposition 3.3.1 and Corollary 3.3.1) could
be known earlier. Assuming the weak compatibility condition we can obtain
a stronger assertion than in Proposition 3.3.1 and the next proposition can be
compared with Theorem 2.4.1 or Theorem 2.4.2. I have proven the below result
in almost the same way as Theorem 2.4.1.

Proposition 3.3.2. Let ϕ : R→ R be a bounded continuous solution of equa-
tion (3.1). Assume that F satis�es the weak compatibility condition and F
contains a decreasing function. If the equivalence class [a]∼ is dense in R for
every a ∈ R, then

lim inf
x→−∞

ϕ(x) = lim inf
x→∞

ϕ(x) = inf ϕ(R)

and
lim sup
x→−∞

ϕ(x) = lim sup
x→∞

ϕ(x) = supϕ(R).

Proof. Again we restrict ourselves to the proof of the equalities with the in�mum
only. In view of Proposition 3.3.1, it is su�cient to show that lim infx→−∞ ϕ(x) =
inf ϕ(R) or lim infx→∞ ϕ(x) = inf ϕ(R). Let (xn)n∈N be a sequence of reals such
that

lim
n→∞

ϕ(xn) = inf ϕ(R).

As in the proof of Theorem 2.4.1 suppose that the sequence (xn)n∈N is bounded.
Then we can �nd its subsequence which is convergent to some x0 ∈ R. The
continuity of ϕ implies that ϕ(x0) = inf ϕ(R). By the assumption [x0]∼ is dense
and now Corollary 3.2.2 implies that ϕ is constant, and thus the equalities
lim infx→−∞ ϕ(x) = lim infx→∞ ϕ(x) = inf ϕ(R) hold. Therefore we assume
that the sequence (xn)n∈N is unbounded. There exists its subsequence (yn)n∈N
such that yn → −∞ or yn → ∞. Assume without loss of generality that the
�rst case occurs. Then

lim
n→∞

ϕ(yn) = inf ϕ(R).

This means that lim infx→−∞ ϕ(x) = limn→∞ ϕ(yn) since lim infx→−∞ ϕ(x) ≥
inf ϕ(R). Hence and from Proposition 3.3.1, we have lim infx→−∞ ϕ(x) =
lim infx→∞ ϕ(x) = inf ϕ(R).
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We can get immediately the following

Corollary 3.3.2. Let ϕ : R→ R be a bounded continuous solution of equation
(3.1). Assume that F satis�es the weak compatibility condition and F contains
a decreasing function. If the equivalence class [a]∼ is dense in R for every a ∈ R
and at least one of the limits limx→−∞ ϕ(x) and limx→∞ ϕ(x) exists, then ϕ is
constant.

Proof. Corollary 3.3.1 asserts that both limits limx→−∞ ϕ(x) and limx→∞ ϕ(x)
exist. This means that lim infx→−∞ ϕ(x) = lim supx→−∞ ϕ(x) and lim infx→∞ ϕ(x)
= lim supx→∞ ϕ(x). By Proposition 3.3.2 we have

inf ϕ(R) = lim inf
x→∞

ϕ(x) = lim sup
x→∞

ϕ(x) = supϕ(R).

The above equalities imply that ϕ is constant.

I would like to illustrate the results obtained in this chapter by one example
which is connected with the archetypal equation.

Example 3.3.1. Let ϕ : R → R be a bounded continuous solution of the
functional equation

ϕ(x) =
∑
i∈Z

piϕ(−2x+ i).

In that case we put I = Z and fi(x) = −2x+ i for every x ∈ R and i ∈ Z. At
�rst we will check that the family F satis�es the weak compatibility condition.
Take arbitrary i, j ∈ Z and x ∈ R. Then(

fi ◦ fj ◦ f−1
i

)
(x) =− 2

[
− 2

(
− 1

2
x+

i

2

)
+ j

]
+ i = −2(x− i+ j) + i

=− 2x+ 2i− 2j + i = −2x+ 3i− 2j = f3i−2j(x).

Now we check that all the equivalence classes [a]∼, where a ∈ R, are dense in R.
Fix a ∈ R and de�ne the sequence (Dn)n∈N of sets as follows

Dn =

{
(−1)n

a

2n
+

s

2n
: s ∈ Z

}
and

D =
∞⋃
n=1

Dn.
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Lemma 2.3.2 implies that D is dense in R. We are going to prove that D ⊆ [a]∼.
First of all observe that f−1

i (a) = −a
2 + i

2 ∈ [a]∼ for every i ∈ Z, that is
D1 ⊆ [a]∼. Suppose that for some n ∈ N the set Dn is contained in [a]∼. Take
any s ∈ Z and note that for every i ∈ Z we have

f−1
i

(
(−1)n

a

2n
+

s

2n

)
= (−1)n+1 a

2n+1
− s

2n+1
+
i

2
= (−1)n+1 a

2n+1
+

2ni− s
2n+1

.

Since i and s run through the whole Z, the expression 2ni − s can attain all
integer values. Hence Dn+1 is a subset of [a]∼. In view of the mathematical
induction we get D ⊆ [a]∼, and thus [a]∼ is dense.

Observe that we can apply here Corollary 3.2.2 and Corollary 3.3.2. In
summary, if the function ϕ attains the global extremum or there exists at least
one of the limits limx→−∞ ϕ(x) and limx→∞ ϕ(x), then ϕ must be constant.

Remark 3.3.1. Note that the above equation is very close to equations con-
sidered in the previous chapter. Nevertheless we could apply the results from
neither Section 2.3, nor Section 2.4 to that one. This means that the theorems
obtained in the present chapter can be successfully used in the particular cases
of the archetypal equation.
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Chapter 4

General linear iterative equation and

invariant compact sets

The current chapter of the thesis is devoted to an analyse of invariant compact
sets and their in�uence on linear iterative equations. As it turns out these
sets play a central role in a description of solutions of this kind of functional
equations. In Chapter 4 we shall see that if the solution is continuous at each
point of an invariant compact set, then it is constant very often. The presented
part of the PhD thesis is based on the article [38].

Throughout the chapter (Ω,A, P ) is a probability space, (X, d) a complete
metric space and (Y, ‖ · ‖) a separable Banach space over the �eld F ∈ {R,C}.
We �x also a family {fω : X → X| ω ∈ Ω} of functions and assume that{

ω ∈ Ω : fω(x) ∈ U
}
∈ A for every x ∈ X and open U ⊆ X,

i.e. f : Ω × X → X de�ned by the formula f(ω, x) = fω(x) is A-measurable
for each �xed x ∈ X. We associate with the functions fω, ω ∈ Ω, some type of
sets. We say that a set K ⊆ X is invariant if

fω(K) ⊆ K for all ω ∈ Ω. (4.1)

In this chapter we will be interested in bounded Borel solutions ϕ : X → Y of
the functional equation

ϕ(x) =

∫
Ω

ϕ
(
fω(x)

)
P (dω). (4.2)

For integrating vector functions we use the Bochner integral.
The chapter is divided into �ve sections. In Section 4.1 we formulate and

prove our main theorem. A discussion on the existence of invariant compact



sets can be found in Section 4.2. Section 4.3 contains particular cases of Theo-
rem 4.1.1. It is worth mentioning that in this section we shall prove a generaliza-
tion of the main theorem. Section 4.4 is devoted to the case when equation (4.2)
is of �nite order. The last part of this chapter contains examples illustrating
considered topics.

4.1 The main theorem

At the beginning we remind a property of continuous functions described in the
following folk theorem.

Lemma 4.1.1. Let (X1, d1), (X2, d2) be metric spaces and letK ⊆ X1 be a com-
pact set. If f : X1 → X2 is continuous at each point of K, then for every
ε ∈ (0,∞) there exists δ ∈ (0,∞) such that for all x ∈ X1 and y ∈ K with
d1(x, y) < δ we have d2(f(x), f(y)) < ε.

We �nd out that the shape of any solution of equation (4.2) crucially depends
on the behaviour of the solution on invariant compact sets. The details are
described in the below result which is my main theorem in [38].

Theorem 4.1.1 (Theorem 3.1, [38]). For each ω ∈ Ω let fω : X → X be
a Matkowski type contraction with a comparison function gω. Assume that the
functions fω, ω ∈ Ω, or the functions gω, ω ∈ Ω, are pairwise commuting and
there exists A ∈ A such that P (A) > 0 and gω1

= gω2
for all ω1, ω2 ∈ A.

If K ⊆ X is a nonempty compact set satisfying condition (4.1), then any
bounded Borel solution ϕ : X → Y of equation (4.2), which is continuous at
each point of K, is constant.

Proof. Let ϕ be a bounded solution of equation (4.2). Then for every n ∈ N
and x ∈ X it satis�es the equality

ϕ(x) =

∫
Ωn

ϕ
(
(fωn
◦ ... ◦ fω1

)(x)
)
P n(dω1, ..., dωn).

Remember that, according to Remark 1.2.3, (Ωn,An, P n) denotes the product
of n copies of (Ω,A, P ). Fix arbitrary ε ∈ (0,∞). In view of Lemma 4.1.1
there exists δ ∈ (0,∞) such that for every x ∈ X and y ∈ K with d(x, y) < δ
we have ‖ϕ(x)− ϕ(y)‖ < ε

2 . Let M ∈ (0,∞) be such that

‖ϕ(x)‖ ≤M for every x ∈ X.
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Fix any x0 ∈ X and y0 ∈ K. We are going to show that ϕ(x0) = ϕ(y0).
Remind that we have a function g : [0,∞) → [0,∞) which is a comparison
function for all fω with ω ∈ A. We can choose k0 ∈ N ful�lling the inequality

gk0
(
d(x0, y0)

)
< δ.

Take any k ≥ k0 and let Bk ⊆ Ωk be the set of all sequences (ω1, ..., ωk) ∈ Ωk for
which the elements from A appear at most k0 times. Then Bk can be splitted
into k0 + 1 pairwise disjoint sets of the form

Cj =
⋃
σ∈Sj

σ(1)× ...× σ(k),

where Sj :=
{
σ : {1, 2, ..., k} → {A,Ω \ A}| card σ−1({A}) = j

}
for each

j = 0, 1, ..., k0. In other words Cj contains all sequences (ω1, ..., ωk) ∈ Ωk for
which members of A appear exactly j times for all j = 0, 1, ..., k0. Then we can
write Bk down as

Bk =

k0⋃
j=0

Cj.

Hence Bk ∈ Ak and furthermore

P k(Bk) =

k0∑
j=0

(
k

j

)
P (A)j

(
1− P (A)

)k−j
.

Now we are going to prove that limk→∞ P
k(Bk) = 0. At �rst note that for

su�ciently large k we have(
k

0

)
<

(
k

1

)
< ... <

(
k

k0

)
.

Hence and from the fact that P (A) ∈ (0, 1) we get

lim
k→∞

P k(Bk) ≤ lim
k→∞

k0∑
j=0

(
k

k0

)
P (A)j

(
1− P (A)

)k−j
≤ lim

k→∞

k0∑
j=0

(
k

k0

)
max

{
P (A), 1− P (A)

}k
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= lim
k→∞

(k0 + 1)

(
k

k0

)
max

{
P (A), 1− P (A)

}k
= lim

k→∞
(k0 + 1)

k(k − 1)...(k − (k0 − 1))

k0!
max

{
P (A), 1− P (A)

}k
=
k0 + 1

k0!
lim
k→∞

k(k − 1)...(k − (k0 − 1)) max
{
P (A), 1− P (A)

}k
≤k0 + 1

k0!
lim
k→∞

kk0 max
{
P (A), 1− P (A)

}k
= 0,

and thus limk→∞ P
k(Bk) = 0. Therefore we can choose k in such a way that

P k(Bk) <
ε

4M
.

Note that for all (ω1, ..., ωk) ∈ Ωk we have (fωk
◦ ... ◦ fω1

)(y0) ∈ K because
of (4.1). Then we have

d
(
(fωk
◦ ... ◦ fω1

)(x0), (fωk
◦ ... ◦ fω1

)(y0)
)
≤ (gωk

◦ ... ◦ gω1
)
(
d(x0, y0)

)
. (4.3)

Assume that the functions gω, ω ∈ Ω, are pairwise commuting and take the
sequence (ω1, ..., ωk) ∈ Ωk \Bk. Without loss of generality we may assume that
ω1, ..., ωk0 ∈ A. Then, in view of the de�nition of k0, we have

(gωk
◦...◦gω1

)
(
d(x0, y0)

)
≤ (gωk0

◦...◦gω1
)
(
d(x0, y0)

)
= gk0

(
d(x0, y0)

)
< δ. (4.4)

Now consider the case when the functions fω, ω ∈ Ω, are pairwise commuting
and �x aribtrarily (ω1, ..., ωk) ∈ Ωk \ Bk. We can change the order of the
functions fωk

, ..., fω1
in inequality (4.3) in such a way that the �rst k0 indices

come from A. Then we obtain (4.4) again.
Note that (4.3) and (4.4) imply

d
(
(fωk
◦ ... ◦ fω1

)(x0), (fωk
◦ ... ◦ fω1

)(y0)
)
< δ for all (ω1, ..., ωk) ∈ Ωk \Bk

Therefore, we have

‖ϕ(x0)− ϕ(y0)‖

≤
∫

Ωk

wwwwϕ((fωk
◦ ... ◦ fω1

)(x0)
)
− ϕ

(
(fωk
◦ ... ◦ fω1

)(y0)
)wwwwP k(dω1, ..., dωk)
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=

∫
Ωk\Bk

wwwwϕ((fωk
◦ ... ◦ fω1

)(x0)
)
− ϕ

(
(fωk
◦ ... ◦ fω1

)(y0)
)wwwwP k(dω1, ..., dωk)

+

∫
Bk

wwwwϕ((fωk
◦ ... ◦ fω1

)(x0)
)
− ϕ

(
(fωk
◦ ... ◦ fω1

)(y0)
)wwwwP k(dω1, ..., dωk)

≤ 1

2
εP k(Ωk \Bk) + 2MP k(Bk) <

ε

2
+ 2M

ε

4M
= ε.

This means that ϕ is constant and the proof is complete.

Remark 4.1.1. Note that in Theorem 4.1.1 we may assume less, namely that
almost all the functions fω, ω ∈ Ω, are Matkowski type contractions. And
similarly:

fω(K) ⊆ K for almost all ω ∈ Ω

and almost all the functions fω, ω ∈ Ω, [gω, ω ∈ Ω,] are pairwise commuting.
The proof remains the same, we only need to consider some full measure subset
instead of the whole Ω.

We see that some assumptions here are technical and they can be sometimes
di�cult in checking. Therefore we will present in Section 4.3 a lot of their more
useful particular cases.

Continuity at each point of the set K is essential in Theorem 4.1.1. If we
omit this assumption, then we can get non-constant solutions of equation (4.2).

Example 4.1.1 (Example 2, [38]). Let R be equipped with the natural metric
and consider the functional equation

ϕ(x) =
ϕ(x2) + ϕ(x3)

2
,

where ϕ : R→ R. It is a particular case of equation (4.2) and the assumptions
of Theorem 4.1.1, besides the continuity of the solution at each point of K, are
satis�ed. We note that K = {0} is an invariant compact set with respect to the
functions R 3 x → x/2 and R 3 x → x/3. One can check that the function
ϕ : R→ R de�ned by

ϕ(x) =

{
1, if x ∈ R \ {0},
0, if x = 0,

is a solution of the above equation. The function ϕ has only one discontinuity
point, namely 0.
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4.2 Existence of invariant compact sets

We have seen that invariant compact sets are very useful in the theory of linear
functional equations. Therefore it is important to know how to �nd them. The
theorem below may be treated as the starting point of the research in this
direction.

We are going to examine the existence of invariant compact sets. The next
simple lemma deals with the case when the functions fω, ω ∈ Ω, are pairwise
commuting.

Lemma 4.2.1. For each ω ∈ Ω let fω : X → X be a Matkowski type contrac-
tion. Assume that the functions fω, ω ∈ Ω, are pairwise commuting. Then all
of them have a common �xed point.

Proof. In view of Theorem 1.1.1 each Matkowski type contraction has a unique
�xed point. Take any ω, ω̄ ∈ Ω and let ξ ∈ X be the �xed point of fω. We will
show that ξ is a �xed point of fω̄, too. Note that

fω̄(ξ) = fω̄(fω(ξ)) = fω(fω̄(ξ)).

The above equality means that fω̄(ξ) is a �xed point of the function fω. Since
fω has exactly one �xed point, we see that fω̄(ξ) = ξ, i.e. ξ is a �xed point
of fω̄.

The above folk lemma implies that the problem of the existence of invari-
ant compact sets becomes trivial when the functions fω, ω ∈ Ω, are pairwise
commuting.

The next theorem describes how to get the invariant compact sets in the case
when X is the real line equipped with the natural metric. This is the second
main result of [38].

Theorem 4.2.1 (Theorem 3.3, [38]). For each ω ∈ Ω let fω : R→ R satisfy the
Lipschitz condition with the same constant L ∈ (0, 1). If there is a bounded set
containing �xed points of the functions fω, ω ∈ Ω, then there exists a nonempty
compact subset of R ful�lling condition (4.1).

Proof. Note that if the functions fω, ω ∈ Ω, have a common �xed point ξ ∈ R,
then K = {ξ} is a compact set satisfying condition (4.1). Thus we exclude this
case in the rest of the proof.
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Assume that all �xed points of the functions fω, ω ∈ Ω, are contained in an
interval [a, b], where −∞ < a < b <∞. We de�ne functions g1, g2 : R→ R by
the equalities

g1(x) = −L(x− a) + a and g2(x) = −L(x− b) + b.

The solutions of the equations

g1(x) = −x+ a+ b and g2(x) = −x+ a+ b

are equal v = b−La
1−L and u = a−Lb

1−L , respectively. Furthermore we de�ne also
functions h1, h2 : R→ R by the formulas

h1(x) = L(x− a) + a and h2(x) = L(x− b) + b.

We are going to prove that gi(x), hi(x) ∈ [u, v] if x ∈ [u, v] and i ∈ {1, 2}.
At the beginning note that h1(u) > u and h2(v) < v. Observe that h1 and h2
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are increasing and h1(x) < h2(x) for all x ∈ R. Therefore, if we take x ∈ [u, v],
then we will get

u < h1(u) ≤ h1(x) < h2(x) ≤ h2(v) < v.

In other words, we have proven that hi([u, v]) ⊆ [u, v] for i ∈ {1, 2}. We show
that the analogical inclusions hold for g1 and g2. Observe that

g2(u) = v and g1(v) = u.

Since g1 and g2 are decreasing and the inequality g1(x) < g2(x) is satis�ed on
the whole real line, we have

u = g1(v) ≤ g1(x) < g2(x) ≤ g2(u) = v for every x ∈ [u, v].

Now we are going to prove that the interval [u, v] is a desired invariant set.
Let ω ∈ Ω be �xed and take a �xed point ξ ∈ [a, b] of fω. Let x ∈ [u, v]. We
shall show that fω(x) ∈ [u, v]. Reasoning is divided into two complementary
cases.
Case 1: Assume that x ∈ [ξ, v]. Since fω satis�es the Lipschitz condition with
constant L, then we have

fω(x) ≤ L|x− ξ|+ ξ = L(x− ξ) + ξ ≤ L(x− b) + b = h2(x) ≤ h2(v) < v

and

fω(x) ≥ −L|x− ξ|+ ξ = −L(x− ξ) + ξ ≥ −L(x− a) + a = g1(x) ≥ u.

Case 2: Assume that x ∈ [u, ξ). Then

fω(x) ≤ L|x− ξ|+ ξ = −L(x− ξ) + ξ ≤ −L(x− b) + b = g2(x) ≤ v

and

fω(x) ≥ −L|x− ξ|+ ξ = L(x− ξ) + ξ ≥ L(x− a) + a = h1(x) ≥ h1(u) > u.

In conclusion, we have fω([u, v]) ⊆ [u, v] and the proof is complete.
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4.3 Particular cases of the main theorem

As we said the assumptions of Theorem 4.1.1 can be sometimes di�cult in
checking. Therefore we are going to present the particular cases of this the-
orem for which a part of the assumptions are automatically satis�ed. This
section concerns mainly the existence of sets A and K with desired proper-
ties. Lemma 4.2.1 guarantees the existence of the invariant compact set when
the functions fω, ω ∈ Ω, are pairwise commuting. Thus we con�ne ourselves
to the case when the functions gω, ω ∈ Ω, are pairwise commuting; there are
only two exceptions, namely Corollary 4.3.4 and Corollary 4.3.8. The presented
corollaries come from [38].

If we restrict our analysis to the case when (X, d) = (R, | · |), where | · |
denotes the Euclidean norm, then we can take any bounded interval instead of
a compact K. The closure of any subset E of R will be denoted by clE. We
have

Corollary 4.3.1 (Corollary 4.1, [38]). For each ω ∈ Ω let fω : R → R be
a Matkowski type contraction with a comparison function gω. Assume that the
functions gω, ω ∈ Ω, are pairwise commuting and there exists A ∈ A such that
P (A) > 0 and gω1

= gω2
for all ω1, ω2 ∈ A. If I ⊆ R is a nonempty bounded

interval such that
fω(I) ⊆ I for all ω ∈ Ω,

then any bounded Borel solution ϕ : X → Y of equation (4.2), which is contin-
uous at each point of clI, is constant.

Proof. The set clI is compact. If ω ∈ Ω and fω(I) ⊆ I, then the continuity of fω
implies fω(clI) ⊆ clfω(I) ⊆ clI. Now it is enough to apply Theorem 4.1.1.

If the whole space X is compact, then K := X clearly satis�es (4.1), and
thus we get immediately the following

Corollary 4.3.2 (Corollary 4.2, [38]). Assume that X is compact. For each
ω ∈ Ω let fω : X → X be a Matkowski type contraction with a comparison
function gω. Assume that the functions gω, ω ∈ Ω, are pairwise commuting and
there exists A ∈ A such that P (A) > 0 and gω1

= gω2
for all ω1, ω2 ∈ Ω. Then

any bounded continuous solution ϕ : X → Y of equation (4.2) is constant.

71



There is another particular case of Theorem 4.1.1 when we can �nd an in-
variant compact set in a trivial way, namely if the functions fω, ω ∈ Ω, have
a common �xed point ξ ∈ X. In the case like this condition (4.1) is satis�ed
since we can use K = {ξ}. In fact, we have the following

Corollary 4.3.3 (Corollary 4.3, [38]). For each ω ∈ Ω let fω : X → X be
a Matkowski type contraction with a comparison function gω. Assume that the
functions gω, ω ∈ Ω, are pairwise commuting and there exists A ∈ A such that
P (A) > 0 and gω1

= gω2
for all ω1, ω2 ∈ A. If there exists ξ ∈ X such that

fω(ξ) = ξ for all ω ∈ Ω,

then any bounded Borel solution ϕ : X → Y of equation (4.2), which is contin-
uous at ξ, is constant.

As we have seen in Lemma 4.2.1, Matkowski type contractions have a com-
mon �xed point if they are pairwise commuting. In such a case we have

Corollary 4.3.4 (Corollary 4.4, [38]). For each ω ∈ Ω let fω : X → X be
a Matkowski type contraction with a comparison function gω. Assume that the
functions fω, ω ∈ Ω, are pairwise commuting and there exists A ∈ A such that
P (A) > 0 and gω1

= gω2
for all ω1, ω2 ∈ A. Then any bounded Borel solution

ϕ : X → Y of equation (4.2), which is continuous at the common �xed point
of the functions fω, ω ∈ Ω, is constant.

We can consider also the case when the inner functions fω, ω ∈ Ω, are
Matkowski type contractions with the same comparison function g. If this
case occurs, then Theorem 4.1.1 takes the following simple form.

Corollary 4.3.5 (Corollary 4.5, [38]). For each ω ∈ Ω let fω : X → X be
a Matkowski type contraction with a comparison function g. If K is a nonempty
compact subset of X satisfying condition (4.1), then any bounded Borel solution
ϕ : X → Y of equation (4.2), which is continuous at each point of K, is
constant.

If the inner functions appearing in equation (4.2) are classical contractions,
then linear functions can be chosen as comparison functions, and thus they are
pairwise commuting.
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Corollary 4.3.6 (Corollary 4.6, [38]). For each ω ∈ Ω let fω : X → X be
a contraction with Lipschitz constant cω ∈ (0, 1). Assume that there exists
A ∈ A such that P (A) > 0 and cω1

= cω2
for all ω1, ω2 ∈ A. If K ⊆ X

is a nonempty compact set satisfying condition (4.1), then any bounded Borel
solution ϕ : X → Y of equation (4.2), which is continuous at each point of K,
is constant.

If we go back on the real line and assume that the inner functions fω, ω ∈ Ω,
are contractions with the same Lipschitz constant L, then, in view of Theo-
rem 4.2.1, we can sometimes express the invariant compact set by the explicit
formula.

Corollary 4.3.7 (Corollary 4.7, [38]). For each ω ∈ Ω let fω : R → R satisfy
the Lispchitz condition with constant L ∈ (0, 1). If there exists an interval [a, b],
where −∞ < a < b < ∞, containing �xed points of the functions fω, ω ∈ Ω,
then any bounded Borel solution ϕ : R→ R of equation (4.2), which is contin-
uous at each point of the interval

[
a−Lb
1−L ,

b−La
1−L

]
, is constant.

In contrast to the above corollaries, the next one is a generalization of The-
orem 4.1.1. During a discussion on the Seminar on Functional Equations at
the University of Zielona Góra, Janusz Matkowski noticed that the argument
presented in the proof of Theorem 4.1.1 could be applied to a more general
equation than (4.2). We have the following extension of the main result.

Corollary 4.3.8 (Corollary 4.8, [38]). Let δ : Ω → R be a non-negative A-
measurable function such that∫

Ω

δ(ω)P (dω) = 1.

For each ω ∈ Ω let fω : X → X be a Matkowski type contraction with a
comparison function gω. Assume that the functions fω, ω ∈ Ω, or the functions
gω, ω ∈ Ω, are pairwise commuting and there exists A ∈ A such that

∫
A δdP > 0

and gω1
= gω2

for all ω1, ω2 ∈ A. IfK ⊆ X is a nonempty compact set satisfying
condition (4.1), then any bounded Borel solution ϕ : X → Y of the equation

ϕ(x) =

∫
Ω

δ(ω)ϕ
(
fω(x)

)
P (dω), (4.5)

which is continuous at each point of K, is constant.
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Proof. De�ne a probability measure Q on Ω by the formula

Q(A) =

∫
A

δ(ω)P (dω).

Then the measure Q is absolutely continuous with respect to P . Applying
Lemma 1.2.1 we get∫

Ω

δ(ω)ϕ
(
fω(x)

)
P (dω) =

∫
Ω

ϕ
(
fω(x)

)
Q(dω) for every x ∈ X.

Hence we can rewrite equation (4.5) in the form

ϕ(x) =

∫
Ω

ϕ
(
fω(x)

)
Q(dω).

Since all the assumptions of Theorem 4.1.1 are satis�ed, we can apply it, taking
Q instead of P , to the above functional equation and the proof of this corollary
is �nished.

We pass to the case when the integral in equation (4.2) reduces to a series.
This phenomena occurs when the measure P is discrete with the in�nite support
(a disscusion on equations of �nite order is postponed to the next section).

Corollary 4.3.9 (Corollary 4.9, [38]). Let (pn)n∈N be a sequence of positive
reals summing up to one. For each n ∈ N let fn : X → X be a Matkowski
type contraction with a comparison function gn. Assume that the functions
gn, n ∈ N, are pairwise commuting. If K ⊆ X is a nonempty compact set such
that

fn(K) ⊆ K for all n ∈ N,

then any bounded Borel solution ϕ : X → Y of the equation

ϕ(x) =
∞∑
n=1

pnϕ
(
fn(x)

)
,

which is continuous at each point of K, is constant.

Proof. Put Ω = N, A = 2N and de�ne P ({n}) = pn for n ∈ N. We can apply
Theorem 4.1.1 taking any singleton in N as the set A.
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4.4 Equation of �nite order

Now we consider a very particular case of equation (4.2) which has a �nite
number of terms on the right-hand side. In this part we �x N ∈ N and
p1, ..., pN ∈ (0, 1) such that p1 + ... + pN = 1. We shall be interested in
solutions ϕ : X → Y of the equation

ϕ(x) =
N∑
i=1

piϕ
(
fi(x)

)
, (4.6)

where f1, ..., fN : X → X are given maps. We have seen in Corollary 4.3.5 that
if we can choose a common comparison function for the functions fω, ω ∈ Ω,
then the situation is much simpler. For the equation of �nite order such a choice
is always possible. The below lemma shows how to make it.

Lemma 4.4.1. Assume that g1, ..., gN : [0,∞) → [0,∞) are the comparison
functions. Then g := max{g1, ..., gN} is also a comparison function.

Proof. The facts that: g is non-decreasing, g(0) = 0 and g(t) < t for all posi-
tive t are trivial and we omit their proofs. We show that for every t ∈ [0,∞)
the sequence (gn(t))n∈N converges to 0.

Fix arbitrarily i ∈ {1, 2, ..., N} and u ∈ (0,∞). In the �rst step we show
that if limt→u+ gi(t) = u, then there exists ε ∈ (0,∞) such that the function
gi is constant on the interval (u, u + ε). Assume on the contrary that the
equality limt→u+ gi(t) = u holds and there is no ε ∈ (0,∞) for which gi|(u,u+ε)

is constant. Take any v > u. Note that if t ∈ (u, v), then gi(t) ∈ (u, v), too.
Hence the sequence (gni (t))n∈N cannot be convergent to 0 if t comes from the
interval (u, v). This contradicts the assumption saying that gi is a comparison
function. Therefore we have proven that if limt→u+ gi(t) = u, then we can
always �nd a positive ε such that gi|(u,u+ε) is constant. Furthermore we can
notice that gi(t) = u for all t ∈ (u, u+ ε).

Fix any t0 ∈ (0,∞). We are going to prove that the sequence (gn(t0))n∈N con-
verges to 0. Since g(t0) < t0, the sequence (gn(t0))n∈N is non-increasing. More-
over, we know that g is bounded below by 0. Hence the sequence (gn(t0))n∈N
is convergent. We denote its limit by u and suppose that u > 0. From the
monotonicity of g we have

g(u) ≤ lim
t→u+

g(t). (4.7)
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Further, note that

lim
t→u+

g(t) = lim
n→∞

g(gn(t0)) = lim
n→∞

gn+1(t0) = u. (4.8)

First of all assume that inequality (4.7) is strict. Equality (4.8) and the de�ni-
tion of g imply that limt→u+ gi(t) = u for some i ∈ {1, 2, ..., N}. As we proved
before, there exists ε1 ∈ (0,∞) such that the function gi|(u,u+ε1) is constant and
equal to u. Furthermore we see that

lim
t→u+

gj(t) ≤ lim
t→u+

gi(t) = u for every j ∈ {1, 2, ..., N}.

Since g1, g2, ..., gN are comparison functions and the above inequalities holds,
we can �nd ε ∈ (0, ε1) such that

gj(t) ≤ u for all t ∈ (u, u+ ε) and j ∈ {1, 2, ..., N}.

This means that
g(t) = u for every t ∈ (u, u+ ε).

Let n0 ∈ N be such that gn0(t0) ∈ (u, u+ ε). Then gn0+1(t0) = u and

gn0+2(t0) = g(u) < u

since we have strict inequality in (4.7). It is a contradiction with the condition
saying that

gn(t0) ≥ u for every n ∈ N.

Hence inequality (4.7) cannot be strict and we have g(u) = u. But it contradicts
the inequality

g(t) < t for every t ∈ (0,∞).

Therefore u = 0 and the proof has been completed.

The fact described in Lemma 4.4.1 is well known in the theory of GIFS but I
did not �nd its proof in the literature, and thus the above reasoning is presented
for the sake of completeness.

Remark 4.4.1. The consequences of this lemma are very useful. If we knew
that f1, ..., fN are Matkowski type contractions with the comparison functions
g1, ..., gN , respectively, then we could take the function g de�ned as in Lemma
4.4.1, and then the mappings from the system {f1, ..., fN} would be Matkowski
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type contractions with the same comparison function g. Moreover, note that
condition (4.1) reduces to

fi(K) ⊆ K for all i = 1, 2, ..., N

in this case. We know from Theorem 1.1.2 that for such �nite systems of
functions there always exists a compact subset of X, called attractor, ful�lling
condition (1.1) clearly stronger than (4.1).

We are in a position to prove the last corollary.

Corollary 4.4.1 (Corollary 5.4, [38]). For each i ∈ {1, 2, ..., N} let fi : X → X
be a Matkowski type contraction with a comparison function gi. Then any
bounded Borel solution ϕ : X → Y of equation (4.6), which is continuous at
each point of the attractor of the system {f1, ..., fN}, is constant.

Proof. Let g := max{g1, ..., gN}. In view of Lemma 4.4.1 the function g is a
comparison function. We see that the mappings f1, ..., fN are Matkowski type
contractions with g. Theorem 1.1.2 implies that there exists a compact set
K ⊆ X such that

N⋃
i=1

fi(K) = K.

Hence fi(K) ⊆ K for every i = 1, 2, ..., N . The thesis is a simple consequence
of Corollary 4.3.5.

4.5 Examples

In the last part of Chapter 4, I would like to present some interesting examples.
The below equations were considered by me when I was analysing an in�uence
of invariant compact sets on continuous solutions of linear functional equations.
I also examined the cases which are not covered by Theorem 4.1.1. This part of
my work have never been published before and these examples are not included
in the manuscript [38], too.

The �rst example is an illustration of applications of Theorem 4.1.1. Fur-
thermore we have a possibility to compare Theorems 2.2.4 and 4.1.1.

Example 4.5.1. Let β : Ω → R be a random variable with a uniform dis-
tribution on the interval

[
0, 1

2

]
. Suppose, for this example, that X and Y are
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the set of real numbers endowed with Euclidean metric and Euclidean norm,
respectively. We de�ne the inner functions by the equality

fω(x) :=
1

2
x+ β(ω) for every ω ∈ Ω and x ∈ R.

Observe that the functions fω, ω ∈ Ω, are contractions with the Lipschitz con-
stant equal to 1/2. Take any bounded Borel solution ϕ : R→ R of the equation

ϕ(x) =

∫
Ω

ϕ

(
1

2
x+ β(ω)

)
P (dω).

We check that the assumptions of Theorem 2.2.4 are satis�ed for such an equa-
tion. At the beginning note that the hypothesis (H) holds. The parameter K
is equal to

K =

∫ 1
2

0

2 ln

(
1

2

)
dt = − ln 2 < 0.

Moreover the integral
∫∫

R2 ln
(

max{|b|, 1}
)
µ(da, db) reduces in that case to∫ 1

2

0

2 ln
(

max{t, 1}
)
dt = ln 1 = 0 <∞.

Therefore Theorem 2.2.4 (i) implies that ϕ is constant if ϕ is continuous. We
will see that it is enough to impose on ϕ a weaker regularity condition. Observe
that the interval [0, 1] is an invariant compact set. We have

fω
(
[0, 1]

)
=

1

2
[0, 1] + β(ω) =

[
0,

1

2

]
+ β(ω) ⊆ [0, 1] for every ω ∈ Ω,

since values of the random variable β lie in the interval
[
0, 1/2

]
. Now Corol-

lary 4.3.6 asserts that if ϕ is continuous at each point of [0, 1], then it is constant.

Remark 4.5.1. In this case Corollary 4.3.6 is more suitable than Theorem 2.2.4
� we assumed that ϕ is continuous only at each point of a compact set. In
general the weakness of Corollary 4.3.6 is that we cannot use it if the functions
fω, ω ∈ Ω, are not contractions on the set of positive measure.

In contrast to Example 4.5.1 we cannot apply Theorem 4.1.1 below. The
functions fω, ω ∈ Ω, in equation (4.9) have two �xed points, and thus they
cannot be Matkowski type contractions. Nevertheless we will see that invari-
ant compact sets exist and again they play important role when we consider
solutions which are continuous at each point of the invariant compact sets.
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Proposition 4.5.1. Let ϕ : [0,∞)→ R be a solution of the equation

ϕ(x) =
ϕ(x2) + ϕ(

√
x)

2
. (4.9)

If ϕ is continuous at 0 and 1, then ϕ is constant.

Proof. First of all note that since ϕ satis�es equation (4.9), then for every
x ∈ [0,∞) we have

ϕ(x) =
1

2
ϕ(x2) +

1

2
ϕ(
√
x) =

1

2

[
ϕ(x4) + ϕ(x)

2

]
+

1

2

[
ϕ(x) + ϕ( 4

√
x)

2

]
=

1

4
ϕ(x4) +

1

4
ϕ( 4
√
x) +

1

2
ϕ(x).

Hence

ϕ(x) =
ϕ(x4) + ϕ( 4

√
x)

2
for every x ∈ [0,∞).

One can prove inductively that for every n ∈ N the function ϕ satis�es the
equality

ϕ(x) =
ϕ(x2n) + ϕ( 2n

√
x)

2
for every x ∈ [0,∞). (4.10)

Take any x ∈ (0, 1). We have limn→∞ x
2n = 0 and limn→∞

2n
√
x = 1. Since

ϕ is continuous at 0 and 1, then tending with n to ∞ in equality (4.10) we get

ϕ(x) =
ϕ(0) + ϕ(1)

2
.

In other words, ϕ|(0,1) is constant. This equality, jointly with the continuity of
ϕ at the endpoints of the interval (0, 1), gives ϕ(0) = ϕ(1). Therefore ϕ|[0,1] is
constant.

We ae going to show that ϕ|(1,∞) is constant. Let ε ∈ (0,∞) be taken
arbitrary. Since ϕ is continuous at 1, we can �nd δ ∈ (0,∞) such that

|ϕ(t)− ϕ(1)| < ε

6
for every t ∈ (1, 1 + δ).

Then for all s, t ∈ (1, 1 + δ) we have the following estimation

|ϕ(s)− ϕ(t)| = |ϕ(s)− ϕ(1) + ϕ(1)− ϕ(t)|

≤ |ϕ(s)− ϕ(1)|+ |ϕ(t)− ϕ(1)| < ε

3
.

(4.11)
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Fix s, t ∈ (1,∞). Applying equality (4.10) to s and t we get

ϕ(s2n) = 2ϕ(s)−ϕ( 2n
√
s) and ϕ(t2

n

) = 2ϕ(t)−ϕ(
2n
√
t) for every n ∈ N.

Therefore∣∣ϕ(s2n)− ϕ(t2
n

)
∣∣ ≤ 2

∣∣ϕ(s)− ϕ(t)
∣∣+
∣∣ϕ( 2n
√
s)− ϕ(

2n
√
t)
∣∣ for all n ∈ N.

Fix arbitrary n ∈ N. Take s0, t0 ∈ (1, 1 + δ) and k ∈ N in such a way that
s2k

0 = s and t2
k

0 = t. Observe that 2n
√
s0,

2n
√
t0 ∈ (1, 1 + δ), too. Moreover, in

view of (4.11) we have |ϕ(s0) − ϕ(t0)| < ε
3 and |ϕ( 2n+k√s0) − ϕ( 2n+k√

t0)| < ε
3 .

Hence∣∣ϕ(s2n)− ϕ(t2
n

)
∣∣ =
∣∣ϕ(s2n+k

0 )− ϕ(t2
n+k

0 )
∣∣

≤2
∣∣ϕ(s0)− ϕ(t0)

∣∣+
∣∣ϕ( 2n+k√

s0)− ϕ( 2n+k√
t0)
∣∣ < 2ε

3
+
ε

3
= ε.

The above inequality implies ϕ(s2n) = ϕ(t2
n

). Since n and the arguments s, t
were �xed arbitrarily we have proven that

ϕ(s2n) = ϕ(t2
n

) for every n ∈ N and s, t ∈ (1,∞).

Let x, y ∈ (1,∞) be �xed. Using the above equality with n = 1 to the points√
x and

√
y we get ϕ(x) = ϕ(y), i.e. ϕ|(1,∞) is constant. We know that ϕ is

continuous at 1, therefore ϕ|[0,1] = ϕ(1) = ϕ|(1,∞).

Remark 4.5.2. Note that for the maps [0,∞) 3 x→ x2 and [0,∞) 3 x→
√
x

we have four invariant compact sets, namely: K1 = {0}, K2 = {1}, K3 = {0, 1}
and K4 = [0, 1]. The below solutions show that we cannot use in the above
propostion K1 nor K2 instead of K3. De�ne φ1, φ2 : [0,∞)→ R by

φ1(x) =

{
1, if x > 0,
0, if x = 0,

and φ2(x) =

{
1, if x ∈ [0, 1) ∪ (1,∞),
0, if x = 1.

It is easy to check that φ1 and φ2 are solutions of equation (4.9) but they are
discontinuous at 0 and 1, respectively. However, we can use K4 instead of K3

in the above proposition as K3 ⊂ K4. Nevertheless K3 is the optimal choice.

As we have seen in the last example the continuity at each point of the
invariant compact set have not to guarantee that the solution is constant if the
functions fω, ω ∈ Ω, are not contractions. Another example of a functional
equation for the which inner functions are not contractions we will meet and
solve in the next chapter.
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Chapter 5

Appendix: Further discussion on the

Derfel's problem

At the end of this thesis I would like to present my �nal thoughts and ideas
connected with the original problem posed by Gregory Derfel, namely with
equation (2.8). We saw an in�uence of invariant compact sets on solutions of
linear functional equations in Chapter 4. We learnt that there is always a nat-
ural background in the functional equations theory, made by the Kuratowski
equivalence relation � Chapter 3. Now we are reacher in that knowledge and we
can go back to the analysis of equation (2.8) by this perspective and discover
some new results. In the current chapter I present my attempts and thoughts
which can help better emphasise the di�culties appearing in the study of equa-
tion (2.8).

5.1 How not to solve equation (2.8)

After three years of my attempts I realised that I had been trying to solve
equation (2.8) on each equivalence class of the Kuratowski relation ∼ separately.
More precisely, I always tried to prove that all solutions are constant on each
equivalence class. During my work this restriction appears probably always
but, in fact, sometimes it was hidden for me. Today I know that it was one of
reasons of my failures. In my opinion the attempts of showing that all bounded
continuous solutions of equation (2.8) are constant on equivalence classes of the
relation ∼ seem to be a wrong attitude.

One can observe that in the case like this equvialence classes have a common
accumulation point, namely 0. If every solution of equation (2.8) were constant



on each equivalence class, then we could prove that every bounded solution
of (2.8), which is continuous only at 0, must be constant. This regularity as-
sumption seems to be too weak. We see that 0 is a �xed point of the function
R 3 x→ −2x but the map R 3 x→ x−1 has no �nite �xed points. Therefore
continuity at 0 is insu�cient in my opinion. Moreover, we see that iterates of
the inner functions are completly irregular in this case.

I would like to present a functional equation which is also a particular case of
the archetypal equation, but as opposed to equation (2.8) we are able to solve it
completely. This example demonstrates the above thoughts and the problems
appearing in equation (2.8).

I decided to consider a functional equation of the form

ϕ(x) =
1

2
ϕ(−x− 2) +

1

2
ϕ(2x+ 1) (5.1)

for this purpose. This equation is obviously a particular case of the archetypal
equation in which

K =
1

2
ln | − 1|+ 1

2
ln |2| = 1

2
ln 2 > 0

and the rescaling parameter takes positive and negative values. One can note
that the mappings R 3 x → −x − 2 and R 3 x → 2x + 1 have the same
�xed point: −1. Therefore it is an example of the third degenerated case of
the archetypal equation and we can apply Theorem 2.2.3 asserting that every
bounded continuous solution of (5.1) is constant. We shall prove now something
more, namely that every bounded solution of this equation, which is continuous
only at −1, is constant. This is true since {−1} is an invariant compact set.

I will present my solution of equation (5.1) step by step. At �rst we need
to prove a technical lemma. Remind that a function f : R → R is called an
involution if f 2 = IdR.

Lemma 5.1.1. Let f1, f2 : R → R be commuting homeomorphisms and f1 be
an involution. If ϕ : R→ R is a bounded solution of the equation

ϕ(x) =
1

2
ϕ
(
f1(x)

)
+

1

2
ϕ
(
f2(x)

)
, (5.2)

then ϕ|[a]∼ is constant for every a ∈ R.
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Proof. At the beginning we will prove that

ϕ(a) = ϕ
(
(fm1 ◦ fn2 )(a)

)
for every m,n ∈ N ∪ {0} and a ∈ R. (5.3)

Fix a ∈ R and put ε = ϕ(a)−ϕ(f1(a)) = ϕ(f2(a))−ϕ(a). Our goal is to show
that ε = 0. For this purpose we shall prove inductively the following equalities

ϕ
(
(f1 ◦ fn−1

2 )(a)
)

= ϕ(a)− 3n−1 + 1

2
ε for every n ∈ N (5.4)

and

ϕ
(
fn2 (a)

)
= ϕ(a) +

3n − 1

2
ε for every n ∈ N. (5.5)

First of all note that the above equalities hold for n = 1 because of the de�nition
of ε. Suppose that they are true for every n ∈ {1, 2, ..., k}, where k ∈ N is �xed.
We prove that (5.4) and (5.5) are satis�ed for k + 1. Using the fact that ϕ is a
solution of equation (5.2) and f1 is an involtion we get

ϕ
(
(f1 ◦ fk−1

2 )(a)
)

=
ϕ
(
(f 2

1 ◦ fk−1
2 )(a)

)
+ ϕ

(
(f2 ◦ f1 ◦ fk−1

2 )(a)
)

2

=
ϕ
(
fk−1

2 (a)
)

+ ϕ
(
(f1 ◦ fk2 )(a)

)
2

.

Hence

ϕ
(
(f1 ◦ fk2 )(a)

)
=2ϕ

(
(f1 ◦ fk−1

2 )(a)
)
− ϕ

(
fk−1

2 (a)
)

=2

[
ϕ(a)− 3k−1 + 1

2
ε

]
−
[
ϕ(a) +

3k−1 − 1

2
ε

]
=ϕ(a)− (3k−1 + 1)ε− 3k−1 − 1

2
ε

=ϕ(a)− 2 · 3k−1 + 2 + 3k−1 − 1

2
ε = ϕ(a)− 3k + 1

2
ε.

Similarly

ϕ
(
fk2 (a)

)
=
ϕ
(
(f1 ◦ fk2 )(a)

)
+ ϕ

(
fk+1

2 (a)
)

2
,

and thus

ϕ
(
fk+1

2 (a)
)

=2ϕ
(
fk2 (a)

)
− ϕ

(
(f1 ◦ fk2 )(a)

)
=2

[
ϕ(a) +

3k − 1

2
ε

]
−
[
ϕ(a)− 3k + 1

2
ε

]
=ϕ(a) +

2 · 3k − 2 + 3k + 1

2
ε = ϕ(a) +

3k+1 − 1

2
ε.
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Therefore, in view of the mathematical induction, (5.4) and (5.5) are satis�ed
for every n ∈ N. We see that the sequences (3n−1+1

2 )n∈N and (3n−1
2 )n∈N are

unbounded. Since we assumed that ϕ is bounded, we have ε = 0. This fact,
jointly with equalities (5.4) and (5.5), implies (5.3).

We are going to show that ϕ|[a]∼ is constant. Take any b ∈ [a]∼. We have to
prove that ϕ(a) = ϕ(b). Since f1 and f2 are commuting we can �nd n,m ∈ Z
such that

b = (fn1 ◦ fm2 )(a). (5.6)

Remind that f1 is an involution, and thus this function satis�es the equality
fn1 = f−n1 . Therefore we may assume without loss of generality that n ≥ 0.
Note that if m ≥ 0, then ϕ(a) = ϕ(b) because of equality (5.3). It remains to
consider the case m < 0. Then equality (5.6) can be rewritten equivalently as

a = (f−n1 ◦ f−m2 )(b).

Putting the equality fn1 = f−n1 , we get a = (fn1 ◦ f−m2 )(b). Now using equality
(5.6) we obtain

ϕ(a) = ϕ
(
(fn1 ◦ f−m2 )(b)

)
= ϕ(b)

and the proof has been completed.

We will use the above lemma in solving equation (5.1).

Proposition 5.1.1. Let ϕ : R→ R be a bounded solution of equation (5.1). If
ϕ is continuous at −1, then ϕ is constant.

Proof. Let f1, f2 : R→ R be given by the formulas

f1(x) = −x− 2 and f2(x) = 2x+ 1.

One can check that f1 ◦ f2 = f2 ◦ f1 and f1 is an involution. Moreover, we have

f−1
2 (x) =

1

2
x− 1

2
for every x ∈ R.

Lemma 5.1.1 asserts that ϕ|[x]∼ is constant for every x ∈ R. Since f−1
2 is

a contraction, then the Banach contraction principle implies that −1 is an
accumulation point of [x]∼ for all x ∈ R\{−1}. If x = −1, then [−1]∼ = {−1}.
Since ϕ is continuous at −1 and it is constant on all equivalence classes, we have
ϕ|[x]∼ = ϕ(−1) for each x ∈ R. Hence ϕ is constant.
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The continuity at −1 is an essential assumption in the previous proposition.

Example 5.1.1. Let φ : R→ R be a function given by the formula

φ(x) =

{
1, if x ∈ R \ {−1},
0, if x = −1.

It is easy to check that φ is a solution of equation (5.1) and it has only one
discontinuity point, namely −1.

We can solve equation (5.1) since iterates of the inner functions behave very
regular and there exists a common �xed point of all the inner functions. In
equation (2.8) we have not such possibilities � iterates are very chaotic and no
invariant compact set exists.

Remark 5.1.1. There is no invariant compact set for the inner maps appearing
in equation (2.8).

Proof. Assume on the contrary that there exists a compact set K ⊂ R such
that −2K ⊆ K and K−1 ⊆ K. At the beginning note that if K is a singleton,
then the inlcusion K − 1 ⊆ K cannot be satis�ed. It remains to consider the
case when K contains at least two elements. Then the diameter of the set −2K
is greater than the diameter of K. This observation implies that the inclusion
−2K ⊆ K cannot hold.

5.2 Open problems

As we said in Chapter 2 we have very limited knowledge of non-degenerated
case of the archetypal equation with positive K and P (α < 0) > 0. There is
no known such an example which we are able to solve completely in the class of
bounded continuous functions. Therefore I tried to �nd some simpler equations
to solve, in view of results from Chapters 2-4.

After the di�culties described in the previous section I would like to propose
a particular case of the archetypal equation which seems to be easier to solve
than equation (2.8). As we have seen in Proposition 4.5.1 and in Lemma 5.1.1
the equations for which iterates of inner functions behave more regularly are
easier to solve. If at least one of the inner functions is an involution, then
everything seems to be simpler.
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Problem 1 Does there exist a non-constant bounded continuous solution
ϕ : R→ R of the equation

ϕ(x) =
1

2
ϕ(1− x) +

1

2
ϕ(2x)?

The above equation is also interesting since K = 1
2 ln 2 > 0 and the rescaling

parameter attains positive and negative values as well. But in the case like this
the function R 3 x → 1 − x is an involution. Thus I suppose that it can help
with its solution. Nevertheless, the problem is left open.

Problem 2 Is there any bounded and non-constant solution ϕ : Z → R of
the Derfel equation (2.8)?

In that problem, without loss of generality we may replace Z by any countable
set E ⊂ R ful�lling the conditions

E − 1 ⊆ E and − 2E ⊆ E.

Problem 3 Describe all bounded continuous solutions ϕ : R → R of the
equation

ϕ(x) =
1

2
ϕ(x− 1) +

1

2
ϕ(2x).

Theorem 4.3 (a) from [10] asserts that if a solution ϕ has the limits limx→−∞ ϕ(x)
and limx→∞ ϕ(x), then it must be a linear combination of the constant and the
canonical (see Theorem 3.3 in [10] for details) solution. To the best of my
knowledge there is no full description of bounded continuous solutions of the
above equation without additional assumptions. If we omit the assumption of
the existence of limits at the inifnites, then some new solutions may appear.

Problem 4 In Theorem 4.1.1 almost all functions fω, ω ∈ Ω, are Matkowski
type contractions. It seems to be possible to extend Theorem 4.1.1 to the case
when the inner functions are Matkowski type contraction on su�ciently large
subset of Ω (from the point of view of the measure P ). It was made for the
archetypal equation � Theorem 2.2.4. For the closest future I plan to focus my
research in this direction.

Problem 5 In the literature there are not too many results guaranteeing
the existence of invariant compact sets. It seems to be an interesting idea to
get some new general theorems about existence of such sets since, as we have
seen, they can be very useful in solving of functional equations.
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Streszczenie

Badania i rezultaty zamieszczone w rozprawie po±wi¦cone s¡ pewnym liniowym
równaniom funkcyjnym niesko«czonego rz¦du. Punktem wyj±cia do podj¦cia
przeze mnie bada« w tym kierunku byª problem postawiony przez Gregory'ego
Der�a na 21st European Conference on Iteration Theory, która zostaªa zorga-
nizowana w 2016 roku w Innsbrucku (Austria). Swoje pytanie prof. Derfel
powtórzyª tak»e rok pó¹niej w trakcie 55th International Symposium on Func-
tional Equations, które miaªo miejsce w Chengdu, w Chinach. Gregory Derfel
zapytaª mianowicie o to, czy wszystkie ograniczone i ci¡gªe funkcje ϕ : R→ R
speªniaj¡ce równanie

ϕ(x) =
1

2
ϕ(x− 1) +

1

2
ϕ(−2x) (1)

s¡ staªe?
Sam problem jest zwi¡zany z tzw. równaniem archetypicznym, którym zaj-

muje si¦ prof. Derfel. Równanie archetypiczne jest to równanie funkcyjne postaci

ϕ(x) =

∫∫
R2

ϕ
(
a(x− b)

)
µ(da, db), (2)

gdzie µ jest ustalon¡ borelowsk¡ miar¡ probabilistyczn¡ okre±lon¡ na pªaszczy¹nie
R2, a ϕ : R→ R szukan¡ funkcj¡. Wybieraj¡c konkretne miary µ otrzymujemy
znane i badane wcze±niej równania. Oznacza to, »e analizuj¡c równanie (2)
mo»emy bada¢ jednocze±nie obszerne klasy liniowych równa« funkcyjnych. Ta
szeroka perspektywa, któr¡ w ten sposób osi¡gamy, uzasadnia trafno±¢ nazwy
równanie archetypiczne. Warto doda¢, »e dla niektórych wyborów miary µ
równanie (2) redukuje si¦ do pewnych równa« ró»niczkowych, np. równania
pantografu.

Równanie (2) zostaªo dokªadnie zbadane przez: L. Bogacheva, G.Der�a i
S. Molchanova. Wiadomo mi¦dzy innymi, »e ogromny wpªyw na jego rozwi¡za-
nia w klasie funkcji ograniczonych i ci¡gªych ma parametr K de�niowany jako



poni»sza caªka

K :=

∫∫
R2

ln |a|µ(da, db).

Mo»na wykaza¢, »e dla K < 0 przy pewnych dodatkowych technicznych za-
ªo»eniach, równanie (2) nie ma w klasie funkcji ograniczonych i ci¡gªych in-
nych rozwi¡za« ni» funkcje staªe, w przypadku gdy K > 0 oraz µ((0,+∞) ×
R) = 1 potra�my skonstruowa¢ niestaªe rozwi¡zania. Sytuacja kiedy K > 0
i µ((−∞, 0) × R) > 0, a tak jest w równaniu (1), jest po dzi± dzie« niezbyt
dobrze zbadana i peªna znaków zapytania. W rozprawie doktorskiej stawiam
sobie za cel pogª¦bienie wiedzy o równaniu archetypicznym w tym przypadku.

Caªa rozprawa zostaªa podzielona na pi¦¢ cz¦±ci. Rozdziaª 1 ma charakter
wprowadzaj¡cy i zawiera spis najwa»niejszych twierdze«, faktów i oznacze«
stosowanych w kolejnych fragmentach rozprawy. Znajduj¡ si¦ tu dwie sekcje
zatytuªowane �Ukªady dynamiczne� oraz �Miara i caªka�.

W Rozdziale 2 badam rozwi¡zania równania (2) osi¡gaj¡ce warto±¢ naj-
mniejsz¡ b¡d¹ najwi¦ksz¡ dla szerokiej klasy miar µ, w szczególno±ci analizie
poddane zostaje równanie (1). Gªówny mój wynik z tej cz¦±ci rozprawy im-
plikuje mi¦dzy innymi, »e je»eli rozwi¡zanie ograniczone i ci¡gªe ϕ : R → R
równania (1) osi¡ga ekstremum globalne, to ϕ musi by¢ funkcj¡ staª¡. Poza tym
staªo±¢ ograniczonych i ci¡gªych rozwi¡za« równania Der�a uzyskaªem tak»e
przy zaªo»eniu, »e istnieje cho¢ jedna z granic limx→−∞ ϕ(x) lub limx→+∞ ϕ(x).
Dodatkowo udaªo mi si¦ zbada¢ jaki ksztaªt powinno mie¢ potencjalne nie-
staªe rozwi¡zanie ϕ równania (1) � okazaªo si¦, »e taka funkcja musi oscylowa¢
zarówno w −∞ jak i w +∞; dokªadniej: kiedy kierujemy si¦ w stron¦ −∞
lub +∞, to wykres rozwi¡zania powinien niesko«czenie wiele razy zbli»y¢ si¦
niesko«czenie blisko do kresu dolnego jak i do kresu górnego zbioru warto±ci
rozwi¡zania ϕ.

Rozdziaª 3 zawiera pewne uogólnienie moich gªównych wyników z Rozdziaªu 2
na równania funkcyjne postaci

ϕ(x) =
∑
i∈I

piϕ
(
fi(x)

)
, (3)

gdzie I ⊆ Z, dla ka»dego i ∈ I funkcja fi : R→ R jest homeomor�zmem i pi ∈
(0, 1), przy czym

∑
i∈I pi = 1. W ogólno±ci dane homeomor�zmy nie musz¡ by¢

funkcjami a�nicznymi, gdy» w przeciwnym razie tra�amy ponownie do Rozdzia-
ªu 2, poniewa» równanie (3) mo»e zosta¢ potraktowane jako szczególny przy-
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padek równania archetypicznego. W Rozdziale 3 zastosowanie ma relacja równo-
wa»no±ci generowana przez funkcje z rodziny {fi}i∈I , która zostaªa opisana po
raz pierwszy przez Kazimierza Kuratowskiego. Wykazaªem, »e pod pewnymi
warunkami � wprowadzonymi przeze mnie warunkami zgodno±ci � ka»de ograni-
czone rozwi¡zanie równania (3), które osi¡ga na klasie abstrakcji wyznaczonej
przez relacj¦ Kuratowskiego ekstremum globalne, musi by¢ staªe na tej klasie
abstrakcji. To ogólne twierdzenie mo»na naturalnie zastosowa¢ do badania
rozwi¡za« ci¡gªych, gdy wspomniane klasy abstrakcji s¡ zbiorami g¦stymi �
daje to w efekcie staªo±¢ rozwi¡zania na caªym zbiorze R.

Rozdziaª 4 jest po±wi¦cony najogólniejszemu równaniu funkcyjnemu pojawia-
j¡cemu si¦ w caªej rozprawie. W przeciwie«stwie do Rozdziaªów 2 i 3 nie
ograniczamy si¦ do funkcji, które przeksztaªcaj¡ prost¡ R w siebie, ale zu-
peªn¡ przestrze« metryczn¡ (X, d) w o±rodkow¡ przestrze« Banacha (Y, ‖ · ‖).
Mamy dodatkowo dan¡ przestrze« probabilistyczn¡ (Ω,A, P ) i przeksztaªcenie
f : Ω×X → X, które jest A-mierzalne przy ka»dej ustalonej warto±ci x ∈ X.
W Rozdziale 4 badamy ograniczone i borelowskie rozwi¡zania ϕ : X → Y
równania

ϕ(x) =

∫
Ω

ϕ
(
f(ω, x)

)
P (dω), (4)

gdzie do caªkowania funkcji o warto±ciach wektorowych u»ywamy caªki Boch-
nera. Gªównym przedmiotem zainteresowa« tej cz¦±ci rozprawy s¡ zwarte zbiory
niezmiennicze, tzn. zwarte podzbiory K przestrzeni X, które dla wszystkich
ω ∈ Ω speªniaj¡ warunek

f(ω,K) ⊆ K.

Okazuje si¦ cz¦sto, »e ci¡gªo±¢ funkcji ϕ w ka»dym punkcie takiego zbioru im-
plikuje jej staªo±¢. W Rozdziale 4 dowodz¦ równie» twierdzenia gwarantuj¡cego
istnienie zwartych zbiorów niezmienniczych dla pewnych rodzin kontrakcji.

Ostatni rozdziaª rozprawy, peªni¡cy rol¦ podsumowania lub dodatku, zawiera
dyskusj¦ równania (1). Wyja±niam w nim, dlaczego rozwi¡zanie równania (1)
w klasie funkcji ograniczonych i ci¡gªych, bez »adnych dodatkowych zaªo»e«
naªo»onych na funkcj¦ ϕ, jest tak trudnym zadaniem. Wynika to z faktu, »e w
tym przypadku nie istnieje zwarty zbiór niezmienniczy. Ponadto iteraty funkcji
wewn¦trznych zachowuj¡ si¦ w sposób caªkowicie nieregularny, co nie uªatwia
rozwi¡zania równania (1). Ostatnia cz¦±¢ Rozdziaªu 5 po±wi¦cona jest przed-
stawieniu problemów otwartych, które pojawiªy si¦ w trakcie moich bada«.
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