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Preface

The presented dissertation is devoted to linear functional equations of inifnite
order in a single variable. Informally we can say that this is a kind of functional
equations in which infinitely many terms appear. Therefore we very often use a
series (if there are countable many terms) or an integral (if uncountable many
terms appear) to write down such an equation. Since we can always view on a
series as on a Lebesgue integral with respect to a discrete measure, we see that
a shape of these equations is detemined by the measure. In truth, in this text
we shall meet probability measures mostly.

In this PhD thesis we provide some criterions imposed on measures and
functions appearing in functional equations under which we can find a solution
in the class of bounded continuous functions. The results presented in this
dissertation can be obviously applied to equations of finite order.

My research led in Chapter 2 and 3 concentrates on solutions attaining its
global extremum. T analyse also what happened when such a value is not reached
by the solution. The second area of my work, presented in Chapter 4, is an
examination of an influence of the so-called invariant compact sets on solutions.
It turns out that they play the crucial role in the theory of linear functional
equations in a single variable.
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Introduction

The scientific research presented in this PhD thesis is devoted to linear func-
tional equations of infinite order. The starting point of my work was a problem
posed by Gregory Derfel during the 21st Furopean Conference on Iteration The-
ory held in Innsbruck (Austria) in 2016. He asked if there existed a non-constant
bounded continuous solution ¢ : R — R of the equation

pla) = 5z — 1) + 5p(~22). (0.1

The question was repeated by him one year later on the 55th International
Symposium on Functional Equations in Chengdu (China).

The above problem has been formulated in a very simple way, equation (0.1)
has an uncomplicated shape. We need no advanced mathematical notions to
pose the above question — it can be well understood by students of the first year
of technical studies or even students of high school with an extended mathe-
matics programme. Answering to the presented question turned out to be very
difficult, as often as it is the case with mathematical problems which can be for-
mulated very easy. The reasons of this fact and a partial answer to the Derfel’s
question are presented in this dissertation.

The problem posed by Derfel is tightly connected with the so-called archety-
pal equation, i.e. a functional equation of the form

o) = [[ elata = b)utda,av) (02)

where 1 is a given Borel probability measure defined on R? and ¢ : R — R is a
bounded continuous function. As we know, if equation depends on a parameter,
then its shape can be various for different values of this parameter. In the case
like this a role of the parameter is played by the measure p and it can change
the form of equation (0.2) drastically. As we will see in this text, the archetypal
equation may sometimes reduce even to differential equations.



Equation (0.2) is very well examined in the case 4((0,00) x R) = 1. In the
paper |13] from 1989 Gregory Derfel discovered that a behaviour of the set of
bounded continuous solutions of the archetypal equation depends significantly
on the value of the number

K = // In |a|u(da, db).
R2

He proved that, under some technical assumptions, the archetypal equation
has not non-constant bounded continuous solutions provided K < 0. He con-
structed also a non-constant bounded continuous solution for X' > 0 when
,u((O,oo) X R) = 1 additionaly. The fact that the support of p is contained
in the right half-plane is crucial in his proof. The case when K > 0 and
,u((—oo, 0) x ]R) > 0 has not been explored very well today and equation (0.1)
examplifies this situation. In particular, in the thesis I would like to examine
this class of functional equations and the topics which can help to find their
solutions.

The whole text is splitted into five chapters. The first chapter contains
basic facts from different branches of mathematics, mainly measure theory and
dynamical systems. In particular, in Chapter 1 we present notations used in this
text and basic terms which will be applied in sequent parts of the dissertation.
The theorems contained in this part are presented without proofs with one
exception but references are always given.

Chapter 2 is devoted to the archetypal equation. At the beginning of this part
we present some results coming from the papers [10] and [11] by L. Bogachev,
G. Derfel and S. Molchanov. They can help to understand a motivation of
Gregory Derfel to proposed equation (0.1). The further sections of this chapter
are based on the articles [36] and [37] which concern solutions of the archetypal
equation attaining the global extremum. In particular, in Section 2.3 we will
prove that each bounded continuous solution of equation (0.2) which attains
its global extremum must be constant in the case u((—o0,0) x R) > 0 if the
measure /4 satisfies some additional technical assumptions (see details in Theo-
rem 2.3.1 and Theorem 2.3.2). We add that Theorem 2.3.1 implies that every
bounded continuous solution of equation (0.1) is constant if it attains the global
extremum. Section 2.4 contains a discussion on properties of solutions which
do not attain the global extremum. In this section we prove a theorem saying
that if such a non-constant solution exists, then it must be oscilating at the
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inifnities. It is worth adding that the existence of non-constant solutions in the
class of bounded continuous functions is still an open problem.

Chapter 3 is a consequence of attempts in generalizing the results from Sec-
tions 2.3 and 2.4 on linear functional equations for which we have non-affine
transforms of arguments. More precisely, the cosniderations of Chapter 3 refers
to functional equations of the form

o(x) =Y pip(filz)), (0.3)
el

where I C Z is fixed, p; € (0,1) are summing up to 1 and f; : R — R is
a homeomorphism for every ¢ € [. Section 3.1 contains a conception of the
compatibility conditions which improve some dynamical aspects of iterates of
the functions f;,7 € I. In Section 3.2 we examine equation (0.3) under the
comptability conditions. In particular, in this part we show that for a family
{fi}ier fulfilling any compatibility condition every bounded continuous solution
¢ : R — R of equation (0.3) is constant provided ¢ attains the global extremum.
Section 3.3 contains the asymptotical analysis of solutions in the case when
{fi}ier contains at least one decresaing function. An example demonstrating
the results of this chapter appears at the end of this section.

Chapter 4 is devoted to the most general linear functional equation appearing
in this text. In this part we have given a probability space (€2, A, P), a com-
plete metric space (X, d), a separable Banach space (Y, || - ||) and a function
f: Qx X — X such that f(-,x) is A-measurable for every fixed z € X.
There we are interested in bounded Borel solutions ¢ : X — Y of the equation

o) = / o (f (w, 7)) P(dw). (0.4)

where the above integral denotes the Bochner integral. Equations of this form
were examined by several authors for years. For example, more than 100 years
ago Wactaw Sierpiniski considered in [34] a particular case of the above equation
to characterize Cantor functions. One can observe that the archetypal equation
is a very particular case of (0.4). It is worth adding that equations with affine
transforms of arguments play a prominent role in applications. The reader is
refered to [32], [33] or [35] for instance. Nowadays many papers connected with
equation (0.4) and its generalization are written by a group of Polish mathe-
maticans, namely: K. Baron, R. Kapica and J. Morawiec. They studied the
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various types of the convergence of the inner functions. The paper [3], written
by Karol Baron, examplified their methods very well. The articles |5] and [6] are
connected with a more general equation than (0.4). In the mentioned papers
K. Baron and J. Morawiec examined the Lipschitzian solutions. Furthermore, to
get solutions of equation (0.4) they also applied regular Markov-Feller operators
which map the space of all Borel probability measures into itself (see |24] for
instance). J. Jarczyk and W. Jarczyk are also interested in equation (0.4). In
the recently published article [21] they considered equation (0.4) when the inner
functions are means. Moreover, W. Jarczyk studied intensively linear functional
equations under commutativity conditions — see [22]. We announce that some
commutativity conditions will be assume in whole Chapter 4. General surveys
of functional and functional-differential equations are found in G. Derfel [14],
K. Baron and W. Jarczyk [4] and K. Baron |2].

Chapter 4 is based principally on the article [38]. The main topic of this part
are invariant comptact sets. We say that a set K C X is invariant if

J{fwa)} CK forallwe .
reK

In Chapter 4 we will see that an influence of these sets on solutions of linear
functional equations is crucial. Section 4.1 contains the main result and its
proof. In Section 4.2 we prove some theorems connected with the existence of
invariant compact sets. In Theorem 4.1.1 we impose some technical assump-
tions, that is why in Section 4.3 we present a lot of particular cases of this
theorem. Section 4.4 is devoted to the case when the order of equation (0.4)
is finite. The last section contains some examples and applications of invariant
compact sets to linear functional equations.

In the last chapter we are going back to equation (0.1). In Section 5.1 we
prove, among others, that for this equation there are no non-empty invariant
compact sets. This is one of the reasons why the equation proposed by Derfel
is so hard to solve. The other reasons are disccused also therein. In the next,
and last, part of this dissertation we pose some open problems.



Chapter 1

Preliminaries

1.1 Dynamical systems

At the beginning we will introduce a relation in the set of reals which will be
useful in our further analyses. We will call it as a Kuratowsk: relation although
this term was known before him — in fact, Kazimierz Kuratowski discovered a
generalization of the below relation for noninvertible maps.

Definition 1.1.1. Let I C Z be fixed and assume that we have a family {f;}ics
of homeomorphisms of the real line R. We say that x,y € R are in the relation
~, and write x ~ y, if there exist k € N, 41, ...,i; € [ and €1, ..., € {—1,1}
such that

y = (ffll 0..0 ffk’“)(x)

One can simply prove the following fact.

Remark 1.1.1. The relation ~ is an equivalence relation in the set R. For
each x € R the equivalence class of x will be denoted by [z]~.

We will meet the above equivalence relation in Chapters 3 and 5. It turns out
that this relation is very helpful and appear naturally in the theory of functional
equations in a single variable.

Remark 1.1.2. It is worth adding that composition of functions will be used
many times in the thesis. We will use the symbol f", where f denotes a trans-
form of an arbitrary set X into itself and n € N, to represent the n-th iterate
of the function f.

Below we present a generalization of the notion of contraction. Firstly we
will recall a definition of classical contractions.



Definition 1.1.2. Let (X, d;) and (Y, d2) be metric spaces and f : X — Y bea
function. We say that f fulfills the Lipschitz condition with constant L € (0, c0)
if the inequality

& (f(2), f)) < Ldy(.y)

is satisfied for all z,y € X. If L is less than 1, then we say that f is a contraction.

We are going to present a wider class than that of classical contractions.
Before it happens we have to introduce a useful type of functions. They are
indispensable in a definition of generalized contractions.

Definition 1.1.3 (J. Matkowski, [27]). We say that a non-negative function
g :[0,00) — Ris a comparison function if g is non-decreasing and the sequence
of its iterates (g”(t))neN converges to 0 for every t € [0, 00).

Remark 1.1.3. It is easy to see that any comparison function may be discon-
tinuous in general. Moreover, one can check that g(0) = 0 and g(¢) < ¢ for all
positive values of ¢.

Now we are in a position to define generalized contractions. The next defi-
nition comes from Janusz Matkowski.

Definition 1.1.4 (J. Matkowski, [27]). Let (X, d;) and (Y, d2) be metric spaces
and ¢ : [0,00) — [0,00) be a comparison function. We say that f: X — Y is
a Matkowski type contraction (with a comparison function g) if the inequality

dz(f(x), f(y)) < g(di(2,y))
is satisfied for all z,y € X.

Remark 1.1.4. We can observe that Matkowski type contractions are con-
tinuous despite the fact that g may have discontinuities. Furthermore, every
classical contraction is a Matkowski type contraction. More precisely, if (X, d)
and (Y, ds) are metric spaces and f: X — Y is a contraction with a Lipschitz
constant L, then it is a Matkowski type contraction with a comparison function
g given by the formula ¢(t) = Lt.

The next example shows that the class introduced by Janusz Matkowski is
indeed bigger than that of classical contractions.
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Example 1.1.1. Consider the interval I = [0, 1] equipped with the metric
generated by the absolute value norm |- |. Let f: I — I be defined by

x
One can note that f is continuously differentiable and
1
f/(l') = m for every r € [0, 1]

Hence f fulfills the Lipschitz condition with the constant L = 1 and, since
f/(0) = 1, this is the optimal choice and, consequently, f is not a Banach
contraction. But it is a Matkowski type contraction with a comparison function
g=f,asforall z,y € [0, 1] we have

F(@) = FW) :| ©__ Y

1+x_1+y':‘(1+2)_(f+y)'_ )

14 z+y+ay
[z —y|
—— =g(|* —y|).
S - g(lz —yl)

Matkowski type contractions share many dynamical properties with classical
contractions. The next theorem generalizes the well known Banach contraction
principle (see [1]).

Theorem 1.1.1 (Matkowski fixed-point theorem, [27], also [17]). Let (X, d) be
a complete metric space. If f: X — X s a Matkowsk:i type contraction, then
f has a unique fized point & € X and it is globally attractive, i.e. for every
x € X the sequence (f™(x))nen converges to €.

In Chapter 4 we are working with compact subsets of metric spaces. It is
clear that we can measure a distance between any two compact sets in many
ways but there is one special method due to Hausdorft.

Definition 1.1.5. Let (X, d) be a metric space and K, C' be its compact subsets.
We define their Hausdorff distance dy (K, C) by

dy(K,C) :=inf {e € (0,00): K CC(e) and C C K(¢)},
where

Ae) == U {ye X: d(z,y) <e} forevery AC X and e € (0,00).

€A
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Remark 1.1.5. One can check that dg is a metric in the space of all compact
subsets of X. Then the function dy is called the Hausdorff metric. It is worth
adding that the space of all compact subsets of a complete metric space (X, d)
becomes a complete metric space with the Hausdorff metric. We will denote

this space by ((X),dn).

In the theory of dynamical systems iterated function systems play a funda-
mental role. We remind their definition.

Definition 1.1.6. Let (X, d) be a metric space and N € N. We say that
{fi: X = X| i=1,2,..., N} is an iterated function system (or IFS for short)
if f; is a contraction for every ¢ = 1,2, ..., N.

In [20] Hutchinson showed that for iterated function systems defined on a
complete metric space X there exists a special compact set, called an attractor,
which can be treated as a counterpart of a global attractive fixed point for an
individual function. In fact, it is a global attractive fixed point of a set-valued
contraction mapping the space (K(X),dy) into itself. For the details and the
proof the reader is refered to [20].

In the same way as we defined generalized contractions, we introduce gener-
alized iterated function systems. We accept the following definition.

Definition 1.1.7. Let (X,d) be a metric space and N € N. We say that
{fi : X —- X| i=1,2,...., N} is a generalized iterated function system (or
GIFS for short) if f; is a Matkowski type contraction for every ¢ = 1,2, ..., N.

Theorem 1.1.2 (P. Jaros, L. Maslanka, F. Strobin, [23]). Let (X, d) be a com-
plete metric space and assume that a family {f; - X — X| ¢ = 1,2,..., N},

where N € N s given, is a GIFS. Then there exists a unique compact set
K C X such that

J () = K. (L.1)

Moreover, if C C X is an arbitrary compact set, then the sequence (C)nen,
defined by C7 = C' and

N
Cov1 = JfiCL)  for everyn € N,
1=1

is convergent (with respect to the Hausdorff metric) to the attractor K.
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The above theorem is an extension of the original Hutchinson Theorem from
IFS on GIFS.

In Chapter 4 we will see that every attractor is, in particular, an invariant
compact set with respect to a GIFS. Other properties of attractors are not used
in this dissertation.

1.2 Measure and integral

In this dissertation we will be working only with finite measures, but in fact
they will be probability measures mostly. We recall some definitions and basic
facts from the measure theory and fix the notation. We start with the following

Definition 1.2.1. Let A be a family of subsets of the nonempty set 2. We say
that this family is a o-algebra (of subsets of Q) if
(i) A is nonempty,
(ii) for every set A from A its complement €2\ A belongs to A,
(iil) for each sequence (A,)nen of sets from A the sum J,-; A, belongs
to A.
The pair (€2, .A) is called a measurable space and elements of A are called mea-
surable sets.

Definition 1.2.2. Let (£2,.A) be a measurable space and let p : A — [0, 0]
be a function. We say that p is a measure if u(()) = 0 and for all sequences
(A )nen of pairwise disjoint sets from A we have

u(Q%) = nfjl 1(Ap).

The triple (€2, A, ) is called a measure space. If u(2) < oo, then we say that
the measure  is finite or equivalently the space (€2, A, p) is finite. Furthermore
we say that p is a probability measure if it is normed, i.e. p(2) = 1, and then
the triple (2,4, ) is called a probability space.

If € is a topological space, then we can define a o-algebra generated by its
open subsets. We denote it by B(€2) and call its members Borel sets. Any
measure on the space (Q, B(Q)) is said to be a Borel measure.

For Borel measures it is possible to define a set called a support of the mea-
sure. In fact, supports of all measures considered in the present thesis are
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subsets of the Euclidean space RY, where N € N. We accept the following
definition.

Definition 1.2.3. Let N € N be given and (RN, B(RY), ,u) be a measure space.
A set of all € RY such that each neighbourhood of z is of positive measure j
is called the support of the measure p and is denoted by suppu.

Remark 1.2.1. One can note that the support of any Borel measure is a closed
set of space, and hence it is a Borel set of full measure.

If we have a finite family of measurable spaces, then we can construct more
complex spaces using the Cartesian product.

Definition 1.2.4. Let k£ € N and let (Q,.41),..., (2, Ax) be measurable
spaces. The o-algebra generated by sets of the form A; x ... X Ay, where
A; belongs to A; for each ¢ = 1,2, ..., k, is denoted by A; ® ... ® Ai. The
measurable space (Ql X ..o X AAR...Q .Ak) is called a product space.

If all spaces are equipped with the finite measures, then we can construct
a special measure on the product space. The details are provided by the follow-
ing result.

Theorem 1.2.1 (Theorem 18.2, [7]). Let (21, Ay, p1) and (2, Az, 12) be finite
measure spaces. Then there exists a unique measure p defined on Ay @ Ao
satisfying the equality

(A x B) = pin(A) - pa(B)
for every A € Ay and B € A,.

Remark 1.2.2. It is easy to see that we can inductively extend the above
theorem to the case of any finite number of measure spaces. Extension to
products of infinite many spaces (in fact they have to be probability spaces)
can be found in Theorem 3.5.1 in 9] for example. However, we shall use only
finite products of measure spaces in the presented text.

Remark 1.2.3. A measure defined on the product space appearing in the above
theorem is called a product measure and is denoted by py ® pe. If we take k
copies of the space (2, A, u), where k € N, then we denote the product space
of this k copies by (QF, A* pF) for simplicity.
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It is a good moment to remind the famous Tonelli-Fubini Theorem which
will be applied a few times in the next chapters.

Theorem 1.2.2 (Theorem 4.4.5, [16]). Let (1, A1, 1) and (99, Ag, p2) be
finite measure spaces and f : 1 X Qs — R be an A; ® As-measurable function.
Assume that f is non-negative or f is integrable with respect to the measure
p1 @ pia. Then

/ fd(pm®p2) = /[/f T,y uz(dy)]m(dw /Uf T,y ul(dw)]uz(dy)

Q]_ XQQ Ql QQ

Now we are going to a theorem allowing to change the measure in the
Lebesgue integral. Firstly, we will recall how to generate new measures on
a given probability space.

Theorem 1.2.3 (Theorem 16.9, [7]). Let (2, A, 1) be a probability space and
g : Q2 — R a non-negative A-measurable function such that fQ gdp = 1. Then
a function v : A — [0,1], given by the formula

v(A) = / gdp  for every A € A,
A

is a probability measure on the space (2, A). Furthermore v(A) = 0 whenever
w(A) =0 for every A € A.

The function ¢ from the above theorem is called a density of the measure v
with respect to p. Sometimes it is denoted by and called a Radon-Nikodym
derivative of v with respect to p.

Let us recall a relation occuring sometimes between two measures defined on
the same measurable space.

Definition 1.2.5. Let (2, A) be a measurable space and let p and v be mea-
sures on (2, A). We say that v is absolutely continuous with respect to p and
denote this fact by v < p if the implication

w(A)=0=v(A) =0
holds for each A € A.

The densities can help with changing the measure in the integral. We have
the following result.
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Theorem 1.2.4 (Theorem 16.11, |7]). Let (2, A) be a measruable space and let
p and v be probability measures defined on (£2, A). Assume that v has a density
g with respect to i and f : © — R is an arbitrary A-measruable function. Then
the function f is integrable with respect to v if and only if the function gf s
integrable with respect to p. If f is integrable, then

/Q fv = /Q afdy.

We also remind well known Lebesgue’s dominated convergence theorem.

Theorem 1.2.5 (Theorem 16.4, [7]). Let (2, A, ) be a measurable space and
(fr)nen be a sequence of A-measurable functions mappings 2 into R. Assume
that the sequence (f,)nen converges pointwise to a function f : Q — R u-almost
everywhere. If there exists an integrable function g : ) — R such that

[fn(w)] < g(w)
for every w € Q and n € N, then f is integrable and

lim fndu:/fd,u.
9) )

n—oo

Until now we presented results from the Lebesgue integral theory — integrated
functions had values in R. The Lebesgue construction can be extended on
functions reaching values in any separable Banach space. Such a variant of the
integral was introduced by S. Bochner in [8]. We will use the Bochner integral
in Chapter 4. As we find out below this operator shares many properties with
the Lebesgue integral.

In the first step we will define the integral for simple functions.

Definition 1.2.6. Let (£2,.A, i) be a finite measure space and (X, || - ||) a sep-
arable Banach space. We say that an A-measurable function s : Q — X is
simple when s(X) is finite.

Simple functions have a standard representation.

Remark 1.2.4. Let (2, A, ) be a finite measure space and (X, ||-||) a separable
Banach space. If s : 2 — X is a simple function reaching exactly N values,
where N € N, then s can be written as

N
S = E TiXA;s
1=1
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where 1, ..., xy € X are distinct and Ay, ..., Ay € A are pairwise disjoint. The
above formula is called a standard representation of s.

We define the Bochner integral of simple functions in the same way as the
Lebesgue integral.

Definition 1.2.7. Let (€2, A, i) be a finite measure space and (X, || - ||) a sep-
arable Banach space. Assume that N € N, zq,...,xy € X are distinct and
A, ...,Ay € A are pairwise disjoint and put s = Zfilxix/;i. We define the
Bochner integral of s by the formula

N
/ sdp = Z,LL(A x
0 i=1

It is worth adding that each simple function has many different representa-
tions. However, one can prove, in the same way as in the case of the Lebesgue
integral, that the above value does not depend on the representation of the
simple function. Now we are going to define the Bochner integral in general.

Definition 1.2.8. Let (£2,.A, i) be a finite measure space and (X, || - ||) a sep-
arable Banach space. We say that an A-measurable function f : Q@ — X is
Bochner integrable (with respect to ) if there exists a sequence (S, )nen of sim-
ple functions mapping €2 into X such that f = lim,_, s, p-almost everywhere

lim / | f — sulldu = 0.
n—oo e}
In this case we define the Bochner integral of f by

/ fdup = lim sndu.

n—oo

and

One can check that the last limit appearing in the definition of the Bochner
integral is independent on the choice of the sequence of simple functions, i.e.
the Bochner integral is well defined.

Remark 1.2.5. Note that the integral

/ 1 = sulld
Q

from the above definition is a Lebesgue integral since values of the norm || - ||
lie in R.
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We have the following characterization of Bochner integrable functions by
the Lebesgue integral.

Theorem 1.2.6 (Theorem 2 from Chapter 2.2, [15]). Let (2, A, 1) be a finite
measure space, (X, || -||) a separable Banach space and f : Q — X be A-
measurable function. Then f is Bochner integrable if and only if [, || f|ldp < oo.

We said that the Lebesgue and Bochner integral have a lot of common prop-

erties. In the next theorem we will enumerate these which will be used in
Chapter 4.

Theorem 1.2.7 (Theorem 4 from Chapter 2.2, [15]). Let (2, A, 1) be a finite
measure space and (X, ||-]|) a separable Banach space. If f : 0 — X is Bochner

integrable, then
H/fdu| /HfHdu

Moreover, for any sequence (Ay)nen of pairwise disjoint sets from A we have

fdp = / fdp.
/LJZO—l An HZ:; An

The last result of the first chapter allows us to change a measure in the
Bochner integral.

Lemma 1.2.1. Let (2, A, u) be a probability space and (X, || -||) a separable
Banach space. Assume that v is a probability measure on the space (2, A) with
a density g : 0 — R with respect to . If f : Q — X is a bounded Bochner
integrable function with respect to p, then:

(1) gf is Bochner integrable with respect to pu,

(13) f is Bochner integrable with respect to v,

(ii1) the equality
/gfduz/fdz/. (1.2)
Q Q

Proof. First of all we show (7). Take any M € (0, 0c0) such that

holds.

|f(w)|| < M for all w e Q.
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Note that ¢f is A-measurable and

[ tostan= [lglstdn < [ ghrap =1 [ gau= 11 < .
Q Q Q Q

Using Theorem 1.2.6 we see that gf is Bochner integrable with respect to p.
We are going to show (iz). Theorem 1.2.4 implies the equality

sl = [ ol

Hence and from Theorem 1.2.6 we get integrability of f with respect to v in the
sense of Bochner.

[t remains to prove equality (1.2). At the beginning note that this equality is
satisfied by simple functions. Let (si)ren be a sequence of simple functions from
Q2 into X such that ||si(w)|| < M for every w € Q and k € N, f = limy_, S
p-almost everywhere and

hm/uf—skndu—o

Then gf = limg o gsi p-almost everywhere and f = limg o sp v-almost
everywhere since v < u. Note that the function gM is Lebesgue integrable
with respect to p and the sequence (||gf — gskH)keN is dominated by 2¢gM.
Using the dominated convergence theorem we get

Jim / lgf — gsklldu =0

—00 [9)

and, in view of Theorem 1.2.4, we have
lim / | f — skl|dv = lim / lgf — gsk||du = 0.
k—oo [e) k—o0 9]

Hence by the definition of the Bochner integral
/ gfdp = lim / gsidp and / fdv = lim skdy.

k—00

/gfd,u: lim /gskd,u: lim /sde:/fdy. ]
[0) k—o0 QO k—o0 [9) 0]

The above lemma seems to be as trivial that it should be known before but
I did not meet this result in the literature and its proof has been included for

Therefore

the sake of completeness.
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Chapter 2

The archetypal equation

In this part we are working with the archetypal equation (2.1). Chapter 2 is
splited into four sections. In the first we introduce the archetypal equation and
consider its particular forms. In Section 2.2 we formulate a problem posed by
Gregory Derfel and explain his motivation to propose equation (2.8). Section 2.3
contains a partial solution of this problem; in particular, we prove that every
bounded continuous solution of Derfel’s equation (2.8), attaining the global
extremum, is constant. Section 2.4 is devoted to solutions of this equation
which do not attain their global extremum.

Section 2.1 and Section 2.2 are based on the papers [10] and [11]. Section
2.3 and 2.4 contain results from [37] which is an extension of the article [36].

2.1 The archetypal equation and its particular forms

The first functional equation described in the thesis is the archetypal equation.
It was introduced and examined by L. Bogachev, G. Derfel and S. Molchanov
in [10] and [11] from 2015. In fact, the analysis of the archetypal equation
began much earlier. We would like to pay attention on the paper [13| written
by G. Derfel in 1989. There he found a connection between bounded continuous
solutions of the archetypal equation and the Grintsevichyus series (see [18]).
In this chapter we treat a probability measure p : B(R?) — [0,1] as fixed.
Remind that the archetypal equation is a functional equation of the form

o(x) = //R2 ¢ (a(z — b)) pu(da, db). (2.1)

Furthermore, we fix an arbitrary probability space (2,4, P) and a random



vector (o, B) : Q — R2 We assume that the distribution of («, 3) is equal to
p. Then equation (2.1) can be written in the language of random variables as

wmraéwmme—mw»Pum. (22)

Since the distribution of («, 5) equals to u, equations (2.1) and (2.2) are equiv-
alent. In the present chapter we use both forms alternatively.

Remark 2.1.1. At the beginning note that every constant function is a solution
of the archetypal equation since the measure u is a probabilistic one. We are
interested in finding an answer to the question for which measures there are
only constant solutions of equation (2.1) in the class of bounded continuous
functions. The restriction to this class is necessary if we want to exclude the
following pathological cases.

Example 2.1.1. Suppose that p({(1,1)}) = u({(2,1)}) = 1. Then equation
(2.1) reduces to

o(2) = 3ole 1) + 3022~ 2).

We will see later that it is the so-called degenerated case of the archetypal
equation and it has no non-constant solutions in the class of bounded continuous
functions. However, the function ¢ : R — R defined by

1, ifrzeq,
g0(5”)_{0, ifz € R\ Q,

is its discontinuous solution.

L. Bogachev, G. Derfel and S. Molchanov called equation (2.1) as archetypal
since it is a rich source of many famous and studied earlier functional equations
with rescaling. The measure p determines the shape of equation (2.1). For
instance if we take any discrete measure with a finite support, then we get an
equation of finite order. If we assume that the support of the measure u is
contained in the line {1} x R, then we will get the integrated Cauchy functional
equation described below.

Example 2.1.2 (Bogachev, Derfel, Molchanov, [11]). If we consider a measure
i which support is contained in the line {1} x R, then equation (2.1) reduces
to

w@:4¢w4wwx
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where v : B(R) — [0, 1] is a Borel probability measure. In the literature the
above equation is called as the integrated Cauchy functional equation and plays
an important role in many branches of mathematics. Its solutions have been
described in the famous Choquet-Deny Theorem — the reader is refered to the

original paper [12] from 1960 (see also [30] and [31]).

There is a more surprising fact that the archetypal equation contains, as
particular cases, some differential equations. In the next proposition we will
present (reasoning comes from |11]) how to obtain from (2.2) the pantograph
equation (see |28] for its definition).

Proposition 2.1.1 (Bogachev, Derfel, Molchanov, [11]). Let N be a natural
number, py,....py € (0,1) and ay,...,axy € R\ {0}. Assume that SN pi =1
and ¢ : R — R us a bounded continuous function. Then ¢ s a solution of the
equation

N 00
() = sz-/o p(ai(z —t))e"dt (2.3)

if and only if ¢ 1s differentiable and satisfies the pantograph equation

¢@)+elw) = Y piplaio). (2:4)

Proof. First of all assume that ¢ satisfies equation (2.3). Using the substitution
u=2x—1twe get

/ e(ai(z —t))e'dt = —/ elau)e" du = e_x/ e(au)edu
0 T

—0oQ

for all + € {1,2,..., N}. The function ¢ is bounded and continuous, and thus
the right-hand side of the equality

N x
o(zr) = Zpie_x/ e(au)edu
i=1 -

is differentiable and

¢'(z) = Zivl:pz‘ <90(aﬂ) —e /; w(aiu)e“du>
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for every x € R. Summing up two above equalities we obtain

N
() + p(x) = Zpisa(aifc)

for all x € R, that is ¢ satisfies the pantograph equation.
Now assume that ¢ is differentiable and satisfies (2.4). If we multiply both
sides of equality (2.4) by e, then we get

o' (u)e" + p(u)e" = Zpigo(aiu)e“. (2.5)

i=1
Integrating both sides of this equality from 0 to z, we can write the left-hand
side of the obtained equality as

/I (go'(u)e“ — go(u)e“)du = /JC (go(u)e“)/du = p(x)e” — p(0).
0 0

Therefore, after integration, equality (2.5) can be written as

o(z)e” — (0 sz/ (a;u)edu.

Since the function ¢ is bounded, we have p(z)e* — 0 if x — —oo. This fact,
jointly with the above equality, implies that p(0) = SOV, p; f?oo o(a;u)e"du.
Hence

N z
(@) =p(0)e " + 3 pre / o(an)edu
i=1 0

N 0 N T
= Zpi / o(au)e" "du + Zpi / (a;u)e" *du
i=1 — i=1 70
N x
= Z Di / o(a;u)e" “du
i=1 o

for all x € R. Using the substitution u = x — ¢ we come to

Zpl/ alx—t)) “tdt, x €R,

and the proof is complete. H
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How to obtain other differential equations, even those of higher order, the
interested reader can get to know in [11].

2.2 A dichotomy and a problem of Gregory Derfel

2.2.1 Degenerated forms of the archetypal equation

In this part of the thesis we will see three degenerated forms of equation (2.1).
The results included in this subsection are presented without their proofs — the
reader can find the details in [11]. These cases will be excluded from further
considerations.

We say that the first degenerated case of equation (2.2) occurs if the random
variable o takes the value 0 with positive probability.

Theorem 2.2.1 (Bogachev, Derfel, Molchanov, [11]). Suppose that P(a =
0) > 0. Then any bounded solution ¢ : R — R of equation (2.2) is constant.

The second degenerated case can be treated as an extension of the Choquet-
Deny Theorem. Before we formulate this result we remind the definition of the
arithmetic distribution.

Definition 2.2.1. We say that a random variable X : 2 — R has the arithmetic
distribution if there exists A € [0, 00) such that the support of the distribution
of X is contained in A\Z. The largest A with such a property is called a span.

Now we are ready to present a generalization of the Choquet-Deny theorem.

Theorem 2.2.2 (Bogachev, Derfel, Molchanov, [11]). Suppose that P(|a| =
1) =1 and P(aw = —1) > 0. Let B and 5~ denote random variables which
distributions are equal to the conditional distribution of 8 given by av = 1 and
a = —1, respectively (in the case « = —1, we set 7 = 0).
(a) If a distribution of BT is non-arithmetic, then every bounded contin-
uous solution ¢ : R — R of equation (2.2) is constant.
(b) Let the distribution of BT be arithmetic with span X € (0,00).
(b — i) If the distribution of B~ is not supported on any set Ao + N\Z,
where A\g € R, then every bounded continuous solution ¢ : R — R of
equation (2.2) is constant.
(b—1ii) Otherwise, the general bounded continuous solution ¢ : R — R
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of equation (2.2) is of the form o(z) = g(x/N), where g : R — R is a
continuous, 1-periodic function symmetric about the point xg = Ag/2\.

The above theorem is an extension of the Choquet-Deny Theorem on the
case when we accept both values 1 and —1 for the rescaling parameter. If the
assumption saying that P(a = —1) > 0 is not satisfied, then the above theorem
reduces to the classical Choquet-Deny Theorem.

It is easy to check that in the case like this every function ¢ from the part
(b —i7) is a solution of the archetypal equation. However, the most important
statement of the above theorem is that there are no other bounded continuous
solutions — in this case we have a full description of non-constant bounded
continuous solutions.

We are going to present the last degenerated case of the archetypal equation.
We accept the following definition.

Definition 2.2.2. The random variables v and [ are said to be in resonance
if there exists a constant ¢ € R such that P(a(c— ) =¢) = 1.

Meaning of this definition is as follows: almost all affine functions from equa-
tion (2.2) have the same fixed point. If we choose random variables in such a way,
then we get

Theorem 2.2.3 (Bogachev, Derfel, Molchanov, [11]). Let P(|a| # 1) > 0 and

suppose that o and B are in resonance. Then any bounded continuous solution
¢ : R — R of equation (2.2) is constant.

Remark 2.2.1. As we said at the beginning of this section, the degenerated
cases will be excluded from the further analysis. Therefore we will say that the
hypothesis (H) is satisfied if

Pla=10)=0, P(la]=1) <1 and «a and § are not in resonance.
2.2.2 Parameter K and its influence on the set of bounded contin-
uous solutions of the archetypal equation

As was observed by Gregory Derfel in his paper [13] from 1989, a behaviour of
bounded continuous solutions of the archetypal equation depends very strongly
on the value of the parameter K, which is defined as

K= //Ran|am(da,db):/an|a(w)\P(dw). (2.6)
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The next crucial theorem shows the importance of this number.

Theorem 2.2.4 (Bogachev, Derfel, Molchanov, [10]). Assume hypothesis (H)
and suppose that the integrals K and [ [, In(max(|b],1))u(da,db) are finite.
(1) If K < 0, then any bounded continuous solution of the archetypal
equation 18 constant.
(i3) If K > 0 and, in addition o > 0 a.s., then there exists a non-constant
bounded continuous solution of the archetypal equation.

The solution mentioned in Theorem 2.2.4 (ii) is called the canonical solution
and it is connected with the notion of Grintsevichyus series (see [18]). We denote
this special solution by Fry. It is easy to note that any linear combination of the
canonical and constant solution still satisfies the archetypal equation. Under
some technical assumptions any bounded continuous solution of (2.1) has to be
such a linear combination in the case a > 0 a.s. — see Theorem 4.3 from [10].
[t is worth mentioining that solutions of this form may do not cover the set of
all bounded continuous solutions of the archetypal equation in general. In [25]
the authors obtained non-constant solutions of a pantograph equation different
from aFy + b, where a,b € R.

It is worth adding that Fx is no longer a solution of the archetypal equation
in the case P(a < 0) > 0. For more details the reader is refered to [10] and [11].

The case when

Pla<0)>0 (2.7)

is not well explored yet. We have a small knowledge about bounded continuous
solutions of the archetypal equation is this case. There is only one exception
when we can give a full description of bounded continuous solutions, namely if
P(Ja] = 1) =1, what was made in Theorem 2.2.2.

Note that if |a| = 1, then K = 0. If we assume the hypothesis (H), inequality
(2.7) and K > 0, then we know practically nothing about the existence of non-
constant bounded continuous solutions of (2.1). It was a motivation for Gregory
Derfel to pose the following problem during the 21st Furopean Conference on
Iteration Theory which held in 2016 in Innsbruck (Austria).

Problem Is there any non-constant bounded continuous solution ¢ : R — R
of the functional equation

p(2) = 5w = 1) + ip(~20)? 2.9
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This question was repeated by him during the 55th International Symposium on
Functional Equations in Chengdu (China) next year. If we look more carefuly
on equation (2.8), then we will see that in this case we have

1 1 In 2

K=-In|l|4+=In|—-2|=—>0.

SInf1]+ 3 In| — 2| ==
Equation (2.8) examplifies the situation when the rescaling parameter attains
negative values and K is positive.

The goal of my scientific work is to find bounded continuous solutions of this

equation and enhance the knowledge for this class of functional equations.

2.3 Solutions attaining the global extremum

In this section, in the case u((—oo,O) X R) > 0, we examine solutions of
equation (2.1) attaining the global extremum. It turns out that such solutions
must be constant for a wide class of probability measures. I remind that all
results appearing in this section come from my article [37].

Let us begin with a simple observation.

Remark 2.3.1. We have seen that each constant function is a solution of the
archetypal equation. Furthermore, note that the linear combination of solutions
of (2.1) is still its solution. Hence, studying solutions ¢ : R — R of (2.1) which
attain their global extremum we can assume without loss of generality that ¢
is non-negative and min p(R) = 0. If, in addition, ¢ is bounded, then we can
confine reasonings to the case sup p(R) < 1 without loss of generality.

We start with the following technical lemma which will be our basic tool in
this section.

Lemma 2.3.1 (Lemma 2.2, [37]). Let ¢ : R — [0,00) be a continuous solution
of equation (2.1) and let xy € R be such that v(xg) = 0. Then

P
go(cpcp_l CetC1T — g Cponn cidi> =0
i=1

for all p € N and (cy1,dy), ..., (¢cp, dp) € sSuppp.
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Proof. Let p € N be fixed and assume that (c1,d1), ..., (¢p, dp) € suppu. Apply-
ing equality (2.1) to xy we get

0 = p(z0) // a(zo — b)) pu(da, db).
R2

Since ¢ is continuous and non-negative, we have

e(a(zg— b)) =0 for all (a,b) € suppp.

In particular, we get go(claso — cldl) = 0. If we repeat this reasoning p — 1
times to the points ¢; - ... - c1xg — >_1_1 ¢ - ... - ¢;d; and the pairs (¢j11,dj41),
j=1,...,p—1, in turn, we obtain the assertion. H

We will prove also a lemma which asserts that some subsets are dense in R.
The statement is obvious but it can help to pay attention on the crucial prop-
erties of sets appearing in the proof of Theorem 2.3.1. Further a simple proof
of this lemma is presented for the sake of completeness.

Lemma 2.3.2 (Lemma 2.3, [37]). Let t € R\ {0}, v € (1,00) and (u,)nen be
a sequence of reals. Then the set D =|J " Dy, where

t
Dm:{%+£ﬂ SEZ} for all n € N,
,Un

15 dense in R.

Proof. Without loss of generality we may consider only the case when ¢ is pos-
itive. Fix a,b € R such that a < b and define the interval I = (a,b). We have
to show that I N D is nonempty. Take ng € N such that

L h—a (2.9)

pho

Let so be the greatest member of Z for which
Up, —|— — < a.

Hence, by the definition of the number sy, we have

Sot + 1
V"o

Up, + > a.

0
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Moreover, using a definition of sy and inequality (2.9) we get

Sot + 1 Sot t t
no On = Up, + O_+_§a+—<b.
(A vt o (S
Therefore uy,, + 222 € . This means that D is dense in R. O

We are in a position to formulate and prove the result which provides a partial
answer to the Derfel’s question. This is the first theorem of two main results of
the paper [37].

Theorem 2.3.1 (Theorem 2.4, [37]). Assume that p(((—o0,0)\{—1})xR) >0
and there exists b € R\ {0} such that (1,b) € supppu.

(7) If suppu N ((R \Z) x R) # (0, then every continuous solution of equation
(2.1) attaining its global extremum is constant.

(73) If suppp C Z x R, then every bounded continuous solution of equation
(2.1) attaining its global extremum is constant.

Proof. The pair (1,b) will be denoted by (ag,by) from this point. Take any
continuous solution ¢ : R — R of (2.1) attaining its global extremum. In view
of Remark 2.3.1 we can assume that ¢ is non-negative and there exists g € R
such that ¢(zy) = 0. Since ¢ is continuous, it is sufficient to show that ¢ takes
value 0 on some dense subset D of the real line. The proof is splitted into three
general cases and we will describe how to obtain the desired dense set in each
of them. We shall examine each of the following situations:

I supppe 1 (R Q@) x R) £,
IT suppe N ((Q\ Z) x R) # 0,
IIT suppu C Z x R.

Furthermore we distinguish two complementary subcases for both case I and
case II.

I.A There exist a € (R\ Q) N (—00,0) and b € R such that (a,b) € suppp.
I.B If (a,b) € suppp and @ € R\ Q, then a is positive.
IT.A There exist a € (Q\ Z) N (—o00,0) and b € R such that (a,b) € supppu.

IL.B If (a,b) € suppp and a € Q \ Z, then a is positive.
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In summary, we obtain the five cases (I.A, [.B, II.A, I1.B and III) and note that
the measure p fulfills at least one of them. We shall prove that in each one the
function ¢ is constant.

I.A. Assume that there exists (a,b) € suppp such that a € (—o0,0) \ Q.
Put (a1,b1) := (a,b) and remember that ay = 1 and by # 0. Fix also arbitrary
k,l € N. If we apply Lemma 2.3.1 with (¢;,d;) = (ag, by), where i = 1,2, ..., k,
then we obtain the equality

90(320 — kbo) = 0
since ag = 1. Applying equality (2.1) for xg — kb one can deduce that
gO(CLl(l'O — bl) - alkbo) = 0.

Finally, if we use Lemma 2.3.1 with (¢;, d;) = (ag, bp), where i = 1,2, ...,1, to
the point a;(xg — b1) — a1kby, then we will get

gp(al(xo —by) — (kay + l)b()) = 0.
The Kronecker density theorem [19, Chapter XXIII| asserts that the set
{kay+1: k,l €N}
is dense in R. Hence
{ai(zo — b1) — (kay + Dby = k,l € N}

is also dense as by # 0. This implies that ¢ is constant and the proof is complete
in this subcase.

I.B. This case means that if (a,b) € suppu and a is negative, then a € Q.
Since p((—o00,0) x R) > 0 there exists (a,b) € suppp with a < 0. Put
(a1,b1) := (a,b). Then a; € Q. Take also (az,b2) € suppu with as € R\ Q.
Then as > 0. As before we obtain the equality go(al(xo—bl) —alkbo) = 0, where
k € N is fixed. In the next step, applying equality (2.1) to a1(zo — b1) — a1kby,
we get

@(alag(iﬁo — bl) - a2b2 — alagkbo) = 0.

Fix an arbitrary [ € N. Finally, we apply Lemma 2.3.1 with (¢;, d;) = (ag, by)
for i = 1,...,1 to the point ajas(xg — by) — asby — ayaskby. As a result we have

90(@10,2(170 — bl) — a/2b2 - (l + alazk)bo) = 0.
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Note that ajas is a negative irrational number, so again using the Kronecker
density theorem we have constructed a dense subset D of R while k,[ runs
through N. The proof is complete in this case.

IT. Now we assume that suppp N ((Q\ Z) x R) # 0. Since we are done in
case | we may assume that suppy € Q x R. Let A C Q be the smallest set
such that suppuy C A X R, i.e.

A={aecQ: (a,b) € suppu for some real b}.

Then there is a set I C N U {0} and an injective sequence (a;);e; such that
A ={a; : i € I}. Moreover, we can take I = {0,1,...,n — 1} if A has exactly
n elements and I = N U {0} when A is infinite. Observe that the condition

supppuN((Q\Z) xR) # (), assumed in the present case 11, means that A\Z # ().
For every ¢ € I we define also a Borel measure u; by the equality

wi(B) = u({a;} x B) for each Borel B C R.

Note that for any ¢ € I we have p;(R) € (0,1) and >, _; ui(R) = 1. Moreover,
equation (2.1) can be rewritten in the form

p(r) =) / o (ai(z — b)) pi(db). (2.10)
iel 'R

II.A. In this case there exists ¢ € I such that a; is negative and non-integer.
First of all remember that ay = 1 and by # 0. Without loss of generality we
may assume that ¢ = 1. In other words a; € (—00,0) N (Q \ Z). Then there
exist coprime ¢, gy € Z such that a; = ¢/qo and ¢ < 0. The definitions of ¢, qo
and ap imply that ¢o > 2. We fix also any b; € R for which (ay, b1) € supppu.

Define the sequence (D,,),en of sets putting

u 3 Sb()
D, = {a”sco— apby — —: SEZ}
and let

D = QDn.

Since by # 0 and gy > 1, the density of the set D is just a consequence of
Lemma 2.3.2.
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Our goal is to prove that the function ¢ vanishes on D. We shall use
the mathematical induction with respect to n. In the first step we show that

¢op, = 0, Le.

Sbo

@( (0—51)——>:O for all s € Z.
qo

Fix any k,l € NU{0}. At the beginning note that we can obtain the equality
qk
0=l ai(zg—b1) —arkby | = p| ar(xg—by) — q—bg
0
in the same way as in point I.A. If we apply Lemma 2.3.1 with (¢;, d;) = (ao, bo),
where j = 1,2, ..., 1, to the point a;(z¢ — b1) — Z—fbo, then we will get

gp(al(xg —by) — Iby — Z—kbo) — ¢<a1(x0 - b0> —0. (2.11)

Note that the expression gyl 4 gk runs through the whole Z, while k,1 € NU{0},
since ¢ and gy are coprime and of different signs. Therefore equality (2.11)
implies that

C_Iol + qk
qo

p(x) =0 for every x € D;.

Let n € N be fixed and assume that ¢ p = 0. We prove that ¢p , = 0.
Take any s € Z, put

n+1 Sb
n+1 7 0
r=a; To— g ayby — 5
i=1 9o

and observe that » € D,,,1. Since ¢ and qg are coprime and of different signs,
we can find k,1 € N U {0} such that ¢0 ™'l + gk = s. If we use the induction
hypothesis and equality (2.10), then we will get

- kb kb
0= ap(a’f:ﬂo— g albl——o) E / (aj (alazo g albl—q—o—b)),uj(db),
0

1=1 Jel

and thus, as ¢ is non-negative,

/ (aj(alxo Zalbl—@—b>>uj(db)20 for all j € I.
R
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In particular, for 7 = 1 we have
. kb
/ cp(al <a7fx0 — Z ajb; — _no - b))ul(db) = 0.
R i=1 o

The function ¢ is non-negative and continuous. Hence

—~ kb ))
ai | ayxy — ajby — — —b =0 for every b € supppuy.
@( 1( 120 Z 191 o 1

i=1 0
Taking b = b in the above equality we get
n
: kb
go(a?“xo — Z a’lﬂbl —a1by — al—no> = 0.
i=1 o
Thus, using the representation a; = q/qg, we come to the equality
n+1
: qkbo
gp(a?ﬂxo — Z ajby — n—+1> = 0.
i=1 %

Remember that ag = 1 and the numbers k and [ were chosen such that gol"*! +
gk = s. If we apply Lemma 2.3.1 with (¢;,d;) = (ao, by), where j = 1,2, ..., 1,
to the point from the last equality, then we will get

n+1 qkb
gp(a?ﬂxo — Z ajb; — qn—+(1) — lb()) =0,

i=1 0

that is "

n

‘ k4 n+1l
go(a’f“a:o — Z ajby — qn—?_?bo = 0.

i=1 o
The above equality means that ¢(r) = 0. Since r was an arbitrary element of
D,, 1, we have proven that

e(x) =0 for every z € D, ;.

Consequently, by the mathematical induction, we get ¢p = 0 and the proof
has been completed in case II.A.

IT.B. In this case A\ Z # () and each negative element of A is an integer.
Remember that we have ag = 1 and by # 0. We know that ,u((—oo, 0) XR) > 0.
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This condition implies that we can choose ¢ € I such that a; € (—o00,0). All
such numbers are, in view of the assumptions of case II.B, integers. Without
loss of generality we may assume that ¢ = 1. Then ay € Z. Take an arbitrary
b1 € suppuy. Since ) # A\ Z C Q\ Z we may assume that as € Q \ Z. Take
any by € suppue. Then as must be positive. We define also a parameter m € N
such that a1al’ € Q\ Z since it may happen that ajay € Z. There exist coprime
q,q0 € 7Z for which a1ay’ = q/qy and ¢ < 0. Then gy > 2. The proof in this

case is analogous to that of the previous subcase. This time a sequence of sets
(D) nen will be defined by

n—1 m

: sb
D, = {(alagl)”xo — Z ayay’)'by — ZZalaQ by — qno : s€E Z}
=0 j5=1 0
and again we put
D =D
n=1

We have by # 0 and ¢y > 1. Define a sequence (uy,)nen by

n—1 m
o m\n m-+j
u, = (a1ay")"xo — E aray’)'by — g E a1a2 b.
1=1 1=0 j=1

Then, in view of Lemma 2.3.2, we will get the density of D. Again we shall use
the mathematical induction to prove that ¢ is constant on D. First of all we
are going to show that ¢|p, = 0. As previously we start with the equality

gp(al(xo - bl) - alkbo) = O,

where k € NU {0} is fixed. Applying Lemma 2.3.1 with (¢;,d;) = (ag, b2),
where j = 1,2, ...,m, to the point a1(xg — b1) — a1kby we get

© (alaén(:vo —by) — Z abby — ala?kbo> = 0.

i=1

Since ajay’ = q/qo, we have



Fix any [ € NU {0}. If we use Lemma 2.3.1 with (¢;,d;) = (ao,bo), where
j=1,....1, to the point from the above equality, then we will obtain

m - L
go(ala;”(ajg — bl) — Z a;bg Z bo lbo) = O,
1=1
that is
m - 1 k + l
g0<a1a2 (xog—b1) — Z ayhy — qq—oqobg> = 0.
1=1

Note that ¢ and gy are coprime and they have different signs which implies that
the expression gk + qol can take any integer value when k, [ run through NU{0}.
Hence

e(x) =0 for every x € D;.

Fix n € N and assume that pp, = 0. We will show the equality ¢p, ., = 0.
Take any s € Z and put

n+1

- m n+1 ,_im+J SbO
r= (a1ay)" " xy — g aray’)'by — g g alal" by — T
0

1=0 j5=1

Note that 7 is a member of the set D, 1. We show that ¢(r) = 0. As in the
proof of case II.A we fix k,1 € NU{0} such that Ig)™" + kq = s. Such a choice
is possible since ¢ and gy are coprime and ¢ < 0 < gg. Moreover, we have

n—1 m
i kb
oo St - 55 S et - )
=1 =0 j=1 0

since the argument from the above equality belongs to D,,. Applying equality
(2.10) to the point from the last equality, for every i € I and b € suppu; we get

n—1 m
Z ZZ - kb
0

1=0 j=1

In particular, for + = 1 and b = by, we have

n—1 m
kb
gp(al(al% o — aq Z a1a2 bl — albl Z Zaz—i—l Zm-i-jb — O) —0.

1=0 j=1 qO
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If we apply Lemma 2.3.1 with (¢, d;) = (a2, b2), where j = 1,2, ...,m, to the
argument from the previous equality and use the identities

n+1
ajay’ Z ayay’)'by + ayal'by = Z(ala?)’bl
=1 =1
and
n—1 m _ _ .
ay' atay" by + Z Z Z atal" by,
1=0 j=1 j=1 1=0 j=1
then we get
n+1 kb
go((alazm)”ﬂxo — Z aray’)'by — Z Z atal by — ayal O> = 0.
i=1 i=0 j=1 a4
Since aiald’ = q/qp, the last equality can be rewritten as
n+1 qkb
; 0
go((ala;n)”H xo — Z ayay’)'by — ZZal% hy — q”“) = 0.
1=1 1=0 j=1 0

Remember that ap = 1. If we use Lemma 2.3.1 with (¢;,d;) = (ao, by), where
g =1,2,...,1, to the number from the above equality, then we will get

n+1

Zm kb
0 w((a aj )”Hq:o—z ayay’)'by — ZZ i g, — 4 O lb0>
i=1 i=0 j=1 q0
n+tl - n—i—l ‘l‘kq
:(p((ala?)”ﬂxo Z ayay’)'by — ZZachQ by — n—+1b0)‘
1=0 j=1 o
We have chosen the numbers k£ and [ in such a way that lq”Jrl + kq = s. Hence
n+1 sb
(oo S w35t ) <o
1=0 j=1 0

i.e. p(r) = 0. Since r was taken arbitrarily this equality implies that ¢y p, ., = 0.
In view of the mathematical induction we have ¢p = 0 and the proof is com-
plete in case II.B.
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ITI. We shall consider the last case when suppu C Z x R, that is A C Z.
We assume additionally that ¢ is bounded and, according to Remark 2.3.1, we
can put sup ¢(R) < 1. Remember that ay = 1 and by # 0. Since p(((—o0,0) \
{—1}) xR) > 0 we can choose ¢ € I such that a; is a negative integer different
from —1. Without loss of generality we may assume that ¢ = 1. Fix any
by € supppy. We define a sequence of sets (Dy,)nenuqoy setting

0
Dn = {ep €120 — Zep elfl - _n - D € N,S € ZJ (617f1)7 sy (ep;fp) € suppp
ay

and e;, = a; for some iy € {1, 2, ...,p}},

and let

D::UDn.

n=0

Note that D,, contains the set

{ (a:o—bl)—s—[sz): seZ}

aj

as a subset. We have by # 0 and a} > 1. Lemma 2.3.2 asserts that the set

o0

sb
U{al(xo—bl)—a—%g: SGZ}
1

n=0
is dense in R. Hence also D is dense. Moreover, now we will show that the
sequence (D )nenuqoy has the following properties:

P1 If r € D, for some n € Nand ¢ € I\ {1}, then
a;(r —b) € D, for every b € suppp;.

P2 If r € D, for some n € N, then

aj(r —b) € D,_1 for every b € supppu.

Fix n € N and take any r € D,,. Let p € N and (ey, f1), ..., (ep, fp) € suppu
be such that a; is one of ey, ..., ¢, and

bo
r=ep. elxo— ep elfz——n
ay
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with some s € Z. Take an arbitrary ¢ € I and b € suppy;. Then (a;,b) € suppu

and
p

CLZ‘SbO
a;(r —b) = ajep...e1xo — a; g ep...eifi — a;b — prt
— 1
=1

that is
p+1
a;sby
a;(r —b) = epr1€p...6120 — g €pi1---€ifi — ,
i=1 ay

where e, 41 := a; and f,41 :=b. Since A C Z we have a;s € Z. Consequently,
a;(r —b) € D,. If, in addition, ¢ = 1, then a;(r — b) = ay(r — b) € D,,_.

Now we are going to show that the function ¢ is constant on D. As before
we will use the mathematical induction and start with showing that ¢ p, = 0.
Let us remind that

p
Dy = {ep...elxo — Zep...eifi —sby: peN,seZ,l(e, f1),..., (e, fp) € suppu

1=1

and e;, = ay for some iy € {1,2, ...,p}}.

Fix any p € N, s € Z and (eq, f1), ..., (€p, fp) € suppp and assume that e;; = a1
for some iy € {1,2,...,p}. In the first step we show the equality

19
@(Gio...elfo - Z 62'0...62“]61' - Sb0> = 0. (212)

i=1
Applying Lemma 2.3.1 with (¢;,d;) = (ej, f;), where j =1,2,. — 1, to the
point xy we get
i1
g0<62'0_1...611'0 — Z €i0_1...6ifi> = 0.
i=1

Fix arbitrary & € N U {0} and remember that ay = 1. If we use Lemma
2.3.1 with (¢j,d;) = (ap,by), where j = 1,2, ..., k, to the point from the above
equality, then we obtain

10—1
gp(eio_l...elxo — Z 62'0_1...6ifi — kbo) = 0.
i=1
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io—1

Putting © = e;,_1...e1x0 — > ;21 €iy—1.--€i fi — kby in equality (2.10) we have
¢(ai(x —b)) =0 for every i € I and b € suppy;.

If we put a; = e;, and b = f;, in the last equality, then we come to

10
QO(@Z'O...elﬂio - Z eio...eifi - 62'(]]{[)0) = 0.

i1=1

Let [ € NU{0} be arbitrarily fixed. Using Lemma 2.3.1 with (¢;,d;) = (ao, bo),
where 5 = 1,2,...,[, to the point from the previous equality we get

@(62'0...6151}0 — Z €i0...€ifi — (l + Biok)b0> = 0.

i=1

Since e;, is a negative integer and k,l € N U {0}, the expression [ + ¢;,k can
attain any integer value. In particular, we can find k,I € N U {0} such that
[ + e;,k = s. This means that equality (2.12) holds.

We use equality (2.12) to prove that

p

g0<ep...ela:0 — Z ep-..eifi — sbo> =0. (2.13)

1=1

First note that in the case ig = p equality (2.12) reduces to (2.13). Therefore

we assume that 79 < p. Since e; 41, ...,e, are integers, we can find 5 € Z

and k£ € NU {0} such that s = k + ep...€;+15. If we use Lemma 2.3.1 with

(¢j,dj) = (€iy+j, fig+j), where j = 1,2,...,p — i, to the point e;...e;zo —
2021 €iy---€1fi — 8bo, then we will get

P
gp<ep...ela:0 — g ep...€ifi — ep...el-0+1§b0) =0.

1=1

Applying Lemma 2.3.1 with (¢, d;) = (ao, by), where j = 1,2, ..., k, to the point
from the last equality we come to

p
QO(@p...eleo — Z ep...ez-fl- - (]{3 + ep...61'0+1§)b0) = 0.

1=1
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Putting s = k + e,...€;,115, we get

p
90<ep...elgc0 — Z ep...€ifi — sbo) = 0.
i=1

Hence ¢|p, = 0.

Now assume that ¢ p, = 0 for some n € NU {0}. We prove that pp,,, =
0. Let r € D,y be fixed and put J := I\ {1}. Property P2 asserts that
ai(r —b) € D, for every b € supppy. Hence using equality (2.10) and the
inductive hypothesis we get

Z / a;(r — b)) pi(db)

Zi/ (= b)) i) + A%m(r—b)ﬂﬂdb)
_;/ o (ai(r — b)) pi(db) +0—;/ o (ai(r — b)) pi(db).

The function ¢ is bounded above by 1. Therefore

Z/ a;(r — b)) 11i(db) <Z/wb > wi(R) =1—(R).

i€J ie€J i€J

If we use equation (2.10) for every i € J, then we will get
/@(az(f — b1))pi(dbr) / [Z/ (% ai(r —by) — b2)>uy(db2)] pi(dby ).
R
jel

Property P1 asserts that a;(r — by) € D,y for every i € J and by € supppu;.
Moreover, property P2 implies that a4 (ai(r —b) — bg) € D, for every i € J
and (a;, by), (a1,b2) € suppp. Since ¢p, = 0, we have

gp(al (ai(r —by) — bz)) =0 forevery i € J and (a;, b1), (a1,bs) € supppu.

Hence and from the fact that ¢ is bounded above by 1 we have for all ¢ € I the
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inequalities

/ (ai(r — by))ps(dby) =

R

S [o(asatr 1) = ba) Yt s

/
e ( (as(r —by) — bz))uj<dbz> ps(dby)
/

| jeJ |
< j(dbg)] i(dby) = j i(dby)
4 2 ) i 4 ;u i
=ui(R) > wi(R) = wi(R)(1 — p1(R))
Jed

If we put the above estimations into the equality

Z/ a;(r — b)) pi(db),

i€J

then we will get

o(r) < (1= m(R) Y m(R) = (1 - m(R))"

=i

In a similar way, using several times P1 and P2 and taking into account that
the function ¢ vanishes on D,, and fact that ¢ satisfies equation (2.10), one can
inductively show that

Z / (azq (@i, (r—b1)—bo)...—b; ))(,ui1®...®,uiq)(dbl,...,dbq),
115eig€J Re

where ¢ € N. Therefore, since all values of ¢ lie in [0, 1], we have

p(r) < (1 - m(R))" for every q € N,

and thus p(r) = 0 because of the condition u1(R) € (0,1). Consequently,
we get p(x) = 0 for every x € D, ;. Summarizing we see that ¢ vanishes
on D. []

Remark 2.3.2. The assertion of Theorem 2.3.1 is false when p({-1,1} X
R) = 1. This case is covered by Theorem 2.2.2.
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The condition (1,b) € supppu, where b # 0, is not satisfied for all measures
obviously. Thus, I was trying to find another result like Theorem 2.3.1. I show
the effect of my work below. We start with a very simple fact.

Lemma 2.3.3 (Lemma 2.8, [37]). Let a € (—1,1) \ {0} and t € (0,00).

If (up)nen is a sequence of negative numbers, then the set

oo

U{unJra”kt: ke NU{0}}

n=1

1s dense in the positive half line.

Proof. Let x,e € (0,00) be fixed. Choose ng € N such that a®"t < ¢ and take
any n > ng. Note that a®” > 0, thus

(0,00) C U [us, + a*"kt, us, + a*"(k + 1)t).
k=0
We can find kg € NU {0} such that x € [uzn + a*kot, ug, + a* (ko + 1)t). In
the end observe that the length of this interval is less then e. ]

We are going to prove the next theorem giving another conditions under
which every continuous solution of the archetypal equation attaining the global
extremum 1s constant.

Theorem 2.3.2 (Theorem 2.9, [37]). Assume that p((—00,0) x R) > 0 and
there exist points (a1,b1), ..., (as,bs) € suppp such that min{|a], ..., |as|} < 1,

a-...-a;, = —1 and
2s

Z ag(gs) e ag(i)bg(i) 7§ 0, (2.14)

i=1
for some integer s > 2 and o : {1,2,...,2s} — {1,2,...,s} which takes each
value ezxactly twice, then every continuous solution ¢ : R — R of equation (2.1)
attarning the global extremum is constant.

Proof. According to Remark 2.3.1 we may assume that inf o(R) = 0 and there
exists ¢y € R such that ¢(xg) = 0. Observe that the assumptions imposed on
ai,...,as and o give

ag(l) Cee Qg (2s5) = (a1 T CLS)2 = (—1)2 = 1.
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If we apply Lemma 2.3.1 with (¢, d;) = (a,(), by(i)) for i = 1,..., 25 to the point
xp, then we get

2s 2s
@(%(1)---%(28)%0 — Z ao(2s)'~-aa(i)ba(i)) = 90<$o — Z aa(2s)~-ao(i)ba(i)) = 0.

Denote — zzzil Ug(2s) * -+ * Ao(i)bg(s) by © for simplicity. Then the last equality
can be rewritten as

o(zg+1t)=0.

If we again use Lemma 2.3.1 with (¢;, d;) = (ao(;), bo(iy) for i = 1,...,2s to the

point zg + t, then we get ¢(xg + 2t) = 0. By the mductlon one can prove that

¢(zo+ kt) =0 for every k € NU {0}. (2.15)

Now fix any £ € NU{0}. Using Lemma 2.3.1 with (¢;, d;) = (a;, b;) for every
1 =1,2,...,s to the point zy + kt, then we come to

gp(as-...-al(x0+kt)—Zas-...-aibi> :¢<—x0—kt—2as-...-aibi> =0

i=1 i=1
since ap - ... - a; = —1. Therefore we have
¢(yo— kt) =0 for all k € NU {0}, (2.16)
where yo 1= —xg — Y i, Gs...a;b;.

Without loss of generality we may assume that |a;| < 1. Let & € NU {0}
and n € N be taken arbitrarily. If we use Lemma 2.3.1 with (¢;,d;) = (a1, b1)
for every ¢ = 1,2, ...,n to the points zy + kt and yy — kt, then we obtain the
equalities

ol atxry — alby +akt ) =0 2.17
1 1 1

j=1
and .,
gp(a?yo — Z alby — a” kt) =0, (2.18)
j=1
respectively.

We know that ¢ # 0, that is either positive, or negative. We consider the first
case. Conditions (2.15) and (2.16) imply that the set of zeros of the function ¢
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is unbounded both from above and from below. Therefore for every n € N we
can choose a zero u,, € R of the function ¢ such that

n

ayu, — Z a{bl < 0.

j=1

We define also a sequence (vy,)nen of zeros of the function ¢ fulfilling the in-
equalities

a?( — v, — Zas...aibi) — Za{bl >0 for every n € N,
i=1 j=1

Equalities (2.17) and (2.18) imply that for every n € N and & € NU {0} we

have .
© (a?un — Z alb + a’fkt) =0
j=1
and ) .
g0<a"< — Uy — Z as...aibi) — Z a{bl — a?kt) =0.
i=1 j=1
Put N ,
E = U {a?un — Za{bl +alkt: keNU {O}}
n=1 j=1
and
F = U {cﬂf( — v, — Zas...aibi) — Za{bl —atkt: keNU {0}}
n=1 i=1 j=1

Then ppup = 0. Lemma 2.3.3 asserts that £ and —F are dense in (0, 00).
Hence E U F'is dense in R, and thus ¢ is constant. If ¢ is negative, the proof
is similar and we omit it. ]

If s = 2 condition (2.14) reduces to a simpler form which is easy to check.

Corollary 2.3.1 (Corollary 2.10, [37]). Assume that p((—o0,0) x R) > 0 and
there exist (a1, b1), (ag, by) € suppu such that |ay| # 1, ajas = —1 and

a%+a1

by.
a1—1 !

by #
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Then every continuous solution of equation (2.1) attaining the global extremum
1S constant.

Proof. We shall check that all assumptions of Theorem 2.3.2 are satisfied. Obvi-
ously conditions |a;| # 1 and ajas = —1 imply that either |ai| < 1 or |ag| < 1.
[t remains to check (2.14). We can treat o as a sequence (o(1),0(2),0(3),0(4))
of digits 1 and 2; each of them appears twice. We will see that for ¢ =
(1,1,2,2) condition (2.14) holds. Putting equality ay = —7- into the sum

2321 acr(25) teee ag(i)bg(i) we get

1 1 1
ajasby + ajaszby + ajby + aghy = by + —by + — by — —bs.
al ai al

The above expression takes value 0 if and only if

1 1 1
R
ap ap ai

that is )
by = LAy
ay — 1
Since we assumed that by # %bl, condition (2.14) is satisfied. [

Unfortunately the class of measures from Theorems 2.3.1 and 2.3.2 still do
not cover all possibilities. This fact can be illustrated by the simple example

from [37].

Example 2.3.1. Take any probability measure p on R? with the support
{(=2,1),(2,2)}. Then we cannot use Theorem 2.3.1 since there is no point
of the form (1,b) with b # 0 in suppyu. We cannot use also Theorem 2.3.2 as
suppy does not contain a point of the form (a,d) € R? with |a| < 1.

Other examples will be presented at the end of the next section.

2.4 Oscillating solutions

In this part we consider solutions which do not attain the global extremum.
The below analyses have been made by me in [37]. We begin with the following
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Theorem 2.4.1 (Theorem 3.1, [37]). Assume that p(((—oc,0)\{—1})xR) >0
and there exists b € R\ {0} such that (1,b) € suppu. Let ¢ : R — R be

a bounded continuous solution of (2.1). Then

liminf p(z) = liminf p(z) = inf p(R) (2.19)
T——00 T—00
and
limsup ¢(z) = limsup p(z) = sup p(R). (2.20)
T——00 T—00

Proof. We will show equalities (2.19) only. Choose a sequence (z;,),en of reals
such that

¢o(x,) — inf p(R).
If (x,)nen is bounded, then one can find its subsequence (y,,)nen which is con-
vergent to some xy € R. Then, by the continuity of the function ¢, we have
©(xp) = inf p(R). Hence, by Theorem 2.3.1, we know that ¢ is constant and
equalities (2.19) hold. So we may assume that (z,),en is unbounded. Then we
can choose its subsequence (y,)nen such that either y, — —oo, or y, — oo.
Consider, for instance, the first possibility. Then

lim Qp(yn) = inf SO(R)J

n—oo

and thus
liminf p(x) = inf p(R).

T——00

Since, in view of Theorem 4.2 from [10], we have

lim inf p(z) = lim inf o (),

we come to (2.19). O
The following result can be deduced immediately from the above theorem.

Corollary 2.4.1 (Corollary 3.2, [37]). Let p(((—00,0)\{—1}) XR) > 0 and let
be R\ {0} be such that (1,b) € suppu. Assume that ¢ : R — R is a bounded
continuous solution of (2.1). If at least one of the limits lim,_, - ¢(x) and
lim, .o () exists, then o is constant.

Corollary 2.4.1 and Theorem 2.3.1 provide a partial solution to the problem
posed by Gregory Derfel. More precisely, we have
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Corollary 2.4.2. Let ¢ : R — R be a bounded continuous solution of equation
(2.8). If the function ¢ attains its global extremum or there exists at least one
of the limits lim,_, . p(x) and lim,_,. @(x), then @ is constant.

We have also the analogical results generated by Theorem 2.3.2.

Theorem 2.4.2 (Theorem 3.3, [37]). Assume that p((—o00,0) x R) > 0 and
there exist points (a1,b1), ..., (as,bs) € suppp such that min{|aq], ..., |as|} < 1,
aj ... as = —1 and condition (2.14) is satisfied for some integer s > 2 and
o:{1,2,...,2s} = {1,2,..., s} taking the values exactly twice. Let p : R — R
be a bounded continuous solution of (2.1). Then

liminf p(x) = liminf p(x) = inf p(R)

T——00 T—00

and

lim sup ¢(z) = limsup ¢(z) = sup p(R).

T——00 T—00
Corollary 2.4.3 (Corollary 3.4, [37]). Assume that ju((—00,0) X R) > 0 and
there exist points (ay,b1), ..., (as, bs) € suppp such that min{|ay|, ..., |as|} < 1,
aj - ... - as = —1 and condition (2.14) is satisfied for some integer s > 2
and o : {1,2,...,2s} — {1,2,...,s} taking the values exactly twice. Let
¢ : R — R be a bounded continuous solution of (2.1). If at least one of
the limits lim, . @(x) and lim,_,o @(x) exists, then @ is constant.

The above corollaries can be compared with a similar theorem by L. Bo-
gachev, G. Derfel and S. Molchanov (see |10, Theorem 4.3]).

Theorem 2.4.3 (Bogachev, Derfel, Molchanov, [10]). Assume the conditions:
1((—00,0)xR) > 0, p({0}xR) =0, p({—1,1}xR) < 1, p({(a,b) € R?*: a(c—
b) =c}) <1 for all c € R and assume that [ [, In(max(|b], 1))u(da, db) < co
and K = [[g.1n|alp(da,db) € (0,00). Let p : R — R be a bounded continuous
solution of (2.1). If at least one of the limits lim,_,_ @(x) and lim,_, @(x)
exists, then ¢ 1s constant.

The above results (Corollary 2.4.1, Corollary 2.4.3 and Theorem 2.4.3) are
not comparable: none of them implies the other. This fact is illustrated by the
below examples coming from [37].

48



Example 2.4.1. Assume that x({(1,1)}) = 1/2 and

ﬂ({(—eQ",O)}) = 2% forn =2,3, ...

Note that in the case like this

:ilzoo.

n=2

— €

1 =1
K:§ln|1|+nz::22—nln

This implies that Theorem 2.4.3 cannot be used. Moreover p(((—o0,—1) U
(=1,0)) x R) = 1/2. Corollary 2.4.1 can be applied because of the inequalities

1(((—o0, =1) U (=1,0)) x R) > 0 and p({(1,1)}) > 0. Thus each bounded
continuous solution ¢ : R — R of the equation

(0.9]

pla) = (e = 1)+ D e~ )

n=2
having at least one of the limits lim, . ., ¢(z) and lim,_,,, ¢(z) is constant.

If we change the above example only in one place, then we can apply neither
Corollaries 2.4.1 and 2.4.3, nor Theorem 2.4.3.

Example 2.4.2. Assume that p({(e,1)}) =1/2 and

w({(—e",0)}) = 2i forn—2.3, .

For the measure p we cannot use Corollary 2.4.1 since there is no b € R\ {0}
such that p({(1,0)}) > 0. Further, observe that if x({(a,b)}) > 0, then
la] > 1. Therefore we cannot apply Corollary 2.4.3 in this example. Theorem
2.4.3 also cannot be used here from the same reason as in the previous exam-
ple. In consequence, we know nothing about non-constant bounded continuous
solutions ¢ : R — R of the equation

1 =1 2
p(x) = Splez —e +;5s@—

In the last example Theorem 2.4.3 can be applied but Corollaries 2.4.1 and
2.4.3 cannot.
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Example 2.4.3. Assume that p({(—=1,1)}) = p({(—e,0)}) = 1/2. All as-
sumptions from Theorem 2.4.3 are satisfied. Indeed

1 1 1

and
//R In(max(|p], 1))u(da, db) = %ln(max(\l\, 1) +%ln(max(|e\, 1)) = % < .

Corollaries 2.4.1 and 2.4.3 cannot be used here from the same reasons as in
the previous example. Therefore, in view of Theorem 2.4.3, every bounded
continuous solution ¢ : R — R of the equation

p(x) = 5o~z — 1) + gip(—ex),

which has at least one of the limits lim,_, . ¢(z) and lim, . ¢(x), must be
constant.
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Chapter 3

Equations with not necessarily affine
transforms of the argument

The present chapter contains results which have never been published and sub-
mitted as a paper. I decided to present them in the PhD thesis since they are
very close to the theorems obtained by me in the previous chapter. During my
visit at the Silesian University in Katowice in October 2017, Professor Janusz
Morawiec paid my attention to the Kuratowski relation (see Definition 1.1.1).
As we will see this equivalence relation is strictly connected with functional
equations in a single variable. When I was a guest of Janusz Morawiec I had
already known that any bounded continuous solution of equation (2.8) attaining
its global extremum must be constant. I generalized this result in a few direc-
tions as we could see in Chapter 2, see also |36]. I decided to examine functional
equations for which transforms of arguments are arbitrary homeomorphisms of
the real line. For this purpose I introduced the compatibility conditions — for
their definitions see Section 3.1.

In my opinion, the Kuratowski relation can be very helpful to deeper un-
derstanding the problem posed by Gregory Derfel and why his equation (2.8)
is so hard to solve — a dicussion on the connection between the Kuratowski
equivalence relation and this equation the reader will find in Chapter 5.

In this chapter we fix a set I C Z and the family F = {f; : R - R| 7€ [}
of homeomorphisms. We have given also a set of positive reals {p; : ¢ € I}
summing up to 1. In the present chapter we shall examine the equation

p(r) = pr(fi(fv))- (3.1)

We are looking for its continuous solutions ¢ : R — R.



Chapter 3 contains three sections. In the first one we introduce the compat-
ibility conditions and examine relations between them. Section 4.2 is devoted
to solutions of equation (3.1) attaining the global extremum on the equivalence
class generated by the Kuratowski relation. That section contains also results
connected with continuous solutions of (3.1). In the last section we examine
solutions having the limits at oo and —oo and present one example illustrating
our analysis.

It is worth adding that all presented results and examples are obtained by
me and they have never been written down before. For these reasons the bibli-
ographical details do not appear in statements of lemmas, theorems etc.

3.1 Compatibility conditions

We will analyse equation (3.1) when the inner functions satisfy some compati-
bility conditions. We define them as follows.

Definition 3.1.1. We say that the family {f; : R — R| ¢ € I} satisfies the
weak compatibility condition if for all ¢, 7 € I there exist k € N and 7y, ..., € [
such that

fiofjo fit=fio..ofi.
Definition 3.1.2. We say that the family {f; : R — R| ¢ € I} satisfies the

strong compatibility condition if for all 2, 7 € I there exist k € Nand ¢1,...,1p € [
such that

fiofit=1fio..ofi.

Since iterates of the inner functions usually appear in the formulas of solu-
tions of such equations, the compatibility conditions provide more regularity for
them behaviour.

In the below remarks we will see relations between different types of the
compatibility conditions.

Remark 3.1.1. First of all note that if the family {f; : R — R| i € I}
satisfies the strong compatiblity condition, then this family satisfies weak one.
The next example shows that we cannot reverse this implication.

Example 3.1.1. Put I = N. We define the family F as follows
filx) =z —1i forevery i€ I.
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Observe that for all 7, 7 € I we have

fiofiofit=1f

This equality means that F fulfills the weak compatibility condition. Moreover,
if 7,7 € I are such that j < 7, then we have

(fjofi_l)(l") =x+4+1—j forall zeR.

Since ¢ — j is positive, we are not able to express the above function as a finite
number of compositions of mappings from the family F. Therefore this family
does not satisfy the strong compatibility condition.

In the above example we could easily express the function f;o f;o f;l for every
1,7 € I as compositions of the functions f;,7 € I, since the above mappings are
pairwise commuting. The situation occuring there is a particular case of a more
general phenomena.

Remark 3.1.2. If the functions f;,© € I, are pairwise commuting, then F
fulfills the weak compatibily condition.

Further, it is easy to see that we have the following implication.

Remark 3.1.3. If for every i € I there exists 7 € I such that f; = fj_l, then
the family {f; : R — R| i € I} satisfies the strong compatibility condition.

Remark 3.1.4. It is worth mentioning that there is an extremly rare case
when the above condition is satisfied. If {f; : R — R| ¢ € I} contains
involutions only, then in view of the above remark this family satisfies the
strong compatibility condition. We remind that a function f : R — R is
called an involution if f> = Idg. This condition is equivalent to the facts
saying that f is bijective and f~! = f. One can note that if an increasing
homeomorphism f : R — R is an involution, then f is the identity. Therefore
non-trivial continuous involutions mapping R onto R are decreasing. For the
details and more interesting facts concerning involutions the reader is referred

to |26, Chapter 15] or |29].

3.2 Solutions attaining the global extremum

In this section we prove the results which are similar to the theorems from
Chapter 2. Remind that the symbol ~ denotes the Kuratowski equivalence
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relation (with respect to a given family of homeomorphisms of the real line) —
this relation was described in Definition 1.1.1. We denote its equivalence class
generated by some real number z as [x]..

At the beginning of this section we prove the following lemma (compare with
Lemma 2.3.1).

Lemma 3.2.1. Assume that ¢ : R — R is a solution of equation (3.1) and
there exists xg € R such that

o(xg) = infcp([xo]w) (3.2)
() = sup @([xo]w). (3.3)

Then
p(x0) = @((fj 0. 0 f,)(w0)) (3.4)

for everyn € N and j1,...,7, € I.

Proof. We will prove this lemma only in the case when equality (3.2) holds. Fix
any n € N and ji, ..., j, € I. Observe that since p(zy) = inf ¢([z¢]~), then we
have

e(z0) < p(fi(zo)) forallie .

Hence and from (3.1) we can deduce

e(z0) = ¢(fi(wg)) foralliel

as non-negative numbers p;, ¢+ € I, sum up to 1. In particular, we have the
equality p(z9) = ¢(fj,(z0)). Repeating this argument n — 1 times we come
to (3.4). O

In the first half of this section we consider the case when the strong com-
patibility condition is satisfied. This is my first main theorem connected with
equation (3.1) and compatibility conditions.

Theorem 3.2.1. Assume that F satisfies the strong compatibility condition.
If o : R — R is a solution of equation (3.1) and there exists xop € R such that
(3.2) or (3.3) holds, then @, is constant.
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Proof. Assume that (3.2) is satisfied. Fix any y € [xo]~. We have to show
that ¢(y) = @(xg). By the definition of the relation ~ we can find £ € N,
i1, .., 0; € I and €1, ..., e, € {—1,1} such that

y = (ffl1 0..0 fik)(ﬂﬁo) (3.5)
Note that it is sufficient to prove the equality

p(w0) = (i (x0)).

and then, repeating k — 1 times this argument we get (3.5). Note that the case
er = 1 is covered by Lemma 3.2.1. It remains to consider the case ¢, = —1
only.

We will show that o(f; '(z0)) = ¢(x0). If we apply equality (3.1) to the
point fizl(:r:o), then we will get

o (fi, () = sz'%@(fi(fij@o)))-
el
We know that the family F satisfies the strong compatibilty condition and
equality (3.4) holds. These two facts imply

gp(fi(fizl(xo))) = @(xg) foralliel\ {ir}.

For ¢ = i; the above equality becomes trivial. Therefore

o(fi (o)) =Y pip(filf;, ) (x0)) = pisp(o) = (o)
iel iel
and the proof has been completed. If we assumed (3.3), then the proof would
be similar. ]

If we restrict our consideration to the class of continuous functions, we can
deduce the following result.

Corollary 3.2.1. Assume that F satisfies the strong compatibility condition
and ¢ : R — R is a continuous solution of equation (3.1). If there exists
Ty € R such that [x]~ is dense in R and @y, attains the global extremum,
then @ 1s constant.

Now we are going to analyse equation (3.1) in the case when the family F
satisfies the weak compatibility condition. The second main theorem of this
section reads as follows.
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Theorem 3.2.2. Assume that the family F satisfies the weak compatibility
condition. If ¢ : R — R is a solution of equation (3.1) and there exists xy € R
such that |z, is bounded above [below| and equality (3.2) [(3.3)] holds, then

P|[xo] 1S constant.

Proof. Assume that equality (3.2) is satisfied and the function ¢y, is bounded
above. As in the proof of Theorem 3.2.1 we need only to show the equality

o(z0) = ¢(fi(x9)) forallieandee{-1,1}.

Note that the above equality holds for € = 1 because of Lemma 3.2.1. Therefore
we will restrict our reasoning to the case ¢ = —1 only. Take any j € I. We will
show that gp(fj_l(xo)) = ¢(xg). Let M € (0,00) be such that

o(x) < M  for all z € [xg].~.
First of all note that for every k € N and 44, ...,4; € I we have
f] o (fZ1 0...0 fzk) o) f]‘_l — (fj (e} fil (@) fj_l) e) (f] (o) fig (e} fj_l) o...0 (f] ©) fik O fj_l).
The above identity, jointly with the weak compatibility condition and Lemma
3.2.1, imply that
(p((fjofl-lo...ofikofj_l)(xo)) = p(xg) forall k€ Nandiy,.. i €. (3.6
Now we will show inductively (with respect to n € N) the equality
@(fjﬁl(xo)) = [1 - (1 —pj)n]SO(SUo)
+ Y piepio((fiy 00 fiy 0 £ (0)) (3.7)
11,00, €I\{j}
Denote the set I\ {j} by J for simplicity. At the beginning we check that
equality (3.7) holds for n = 1. Applying equality (3.1) to the point fj_l(xo) we
obtain
o (£ (@) =3 _pep (i (7 o))
el
_ -1 ~1
—pip (f5(f; " (20))) + D pie (fi (£ (w0)))
ieJ
=p;(xo) + Zpisﬁ(fi(fj_l(ﬂfo)))
icJ

=[1 = (1= pp)]e(wo) + Y _pio((fi o f; ) (o).

e
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Now suppose that (3.7) is satisfied for some n € N and note that

(1—p;)" —<Zpl) - > pipi, (3.8)

Then, using (3.6) and (3.8), we obtain
o (f; (o)) =[1— (1 - pj)"}w(wo)
+ | Z --Di, P ((fz - © fi1 © fj_l)<x0))

+ > Piy-- Pinr @ ((finsr © -0 fiy © f; ) (0))

(i1 yeemsinsini1) €T
=[1— (1 —=pj)"]e(zo)
+ > Piy-Pinis ((finsr © -0 fiy 0 f; ) (0))

(i150sinsing1) €T x{j}

+ Z pi1"'pin+190((fin+1 ©...0 fi1 o fj_l)(IO))

+ Z Piy--Pi, 02 ((fj 0 fi, 0 o0 fiy o fi 1) (o))
+ > PP ((forn 0 o0 fi 0 f7) (w0))

(il,...,i7l+1)€Jn+1

=[1 = (= p)"Jeaw) + 5 > pipip(wo)
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By the mathematical induction, equality (3.7) holds for every n € N. We
assumed that the function ¢ is bounded above by M on [z¢].. Using this fact
jointly with equalities (3.7) and (3.8) we can get for every n € N the following
estimation

Qp(fj_l(xO)) :[1 - (1 _p] 370 + Z Piy---Pi, P fzn - O fi1 o fj_l)(xO))

Zlv 7Z7L€J
<= —-p)e)+ D pu-pi,M
Uyeenyin€J

:[1 —(1 _pj)n}sﬁ(xo) + (1 - pj)”M.

Since p; € (0, 1), taking n — oo in the above inequality we get

p(f; (x0)) < p(xo).
Hence cp(fj_l(:cg)) = (xg) because of (3.2) and the proof is complete. O

The above theorem is a result of my work with the weak compatibility con-
dition.

Remark 3.2.1. We see that Theorem 3.2.2 is very close to Theorem 3.2.1. In
the above statement we assumed that the family F satisfies the weak compat-
ibility condition in contrast to the strong compatibility condition from Theo-
rem 3.2.1. Nevertheless, the price is an additional assumption saying that o),
is bounded above or below.

Furthermore, if we restrict ourselves to bounded continuous solutions of equa-
tion (3.1), then we can deduce the corollary which is formulated in the similar
way to Corollary 3.2.1.

Corollary 3.2.2. Assume that F satisfies the weak compatibility condition and
¢ : R = R is a bounded continuous solution of equation (3.1). If there exists
Ty € R such that [x]~ is dense in R and @y, attains the global extremum,
then @ 1s constant.

3.3 Further results and examples

Until now we were not interested in the type of monotonicity of homeomor-
phisms from F. As we will see if at least one member of F is decreasing, then
an asymptotical behaviour of the solutions becomes simpler.
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We start our considerations with

Proposition 3.3.1. Let ¢ : R — R be a bounded solution of equation (3.1). If
at least one function from F 1is decreasing, then

liminf p(x) = lim inf p(x)

T——00 T—00

and
lim sup p(x) = limsup p(x).

T——00 T—00

Proof. The presented reasoning is the same as in the prootf of Theorem 4.2 from
[10] but we will present it for the sake of completeness. We prove the first
equality only. Define J C I as follows

J = {2 el: f;is decreasing}
and put ¢ := >, ;p;. Then

lim inf ¢(z) —hmmprlgO fi(zx szhglll&f%@(fz( ))

T——00 T——00

1€l el
—Zp,hmmfgo fi(z Z plhmlnfgp(fl( ))
ieJ iel\J
—szhmmfgp - Z p,hmmfap( )
ieJ ieI\J

=qliminf p(z) + (1 — ¢) liminf p(x).

T—00 T——00

Since ¢ > 0, we have liminf, , . ¢(z) > liminf, ,, @(x). We can get the op-
posite inequality in the analogical way. Therefore we have liminf, . . p(z) =
liminf, .. ¢(x) and the proof has been finished. O]

We get immediately

Corollary 3.3.1. Let ¢ : R — R be a bounded solution of equation (3.1).
Assume that F contains a decreasing function. If at least one of the limits
lim, , o @(z) and lim,_,, @(x) exists, then they both exist and

lim ¢(z) = lim p(x).

T——00 T—00
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Proof. Tt follows directly from Proposition 3.3.1 and from the fact that at least
one of the equalities liminf, , . ¢(x) = limsup,_,_ . ¢(z)and liminf, ., ¢(z)
= limsup,._, ., ¢(x) holds true. O

[ suppose that the above results (Proposition 3.3.1 and Corollary 3.3.1) could
be known earlier. Assuming the weak compatibility condition we can obtain
a stronger assertion than in Proposition 3.3.1 and the next proposition can be
compared with Theorem 2.4.1 or Theorem 2.4.2. I have proven the below result
in almost the same way as Theorem 2.4.1.

Proposition 3.3.2. Let ¢ : R — R be a bounded continuous solution of equa-
tion (3.1). Assume that F satisfies the weak compatibility condition and F
contains a decreasing function. If the equivalence class |a]~ is dense in R for
every a € R, then

liminf p(x) = liminf p(x) = inf p(R)

T——00 T—00

and
lim sup p(x) = limsup p(x) = sup p(R).

T——00 T—00

Proof. Again we restrict ourselves to the proof of the equalities with the infimum
only. In view of Proposition 3.3.1, it is sufficient to show that liminf, , . ¢(z) =
inf p(R) or liminf, , ¢(x) = inf p(R). Let (z,)nen be a sequence of reals such
that

lim p(x,) = inf p(R).

n—o0

As in the proof of Theorem 2.4.1 suppose that the sequence (z,,),en is bounded.
Then we can find its subsequence which is convergent to some xy € R. The
continuity of ¢ implies that ¢(xy) = inf p(R). By the assumption [z¢]. is dense
and now Corollary 3.2.2 implies that ¢ is constant, and thus the equalities
liminf, , o p(x) = liminf, ,,, p(x) = inf (R) hold. Therefore we assume
that the sequence (x,),en is unbounded. There exists its subsequence (¥, )nen
such that y, — —oo or y, — o0o. Assume without loss of generality that the
first case occurs. Then

lim Qp(yn) = inf SO(R)

n—oo
This means that liminf, . . p(x) = lim, . ©(y,) since liminf, , . p(zx)
inf (R). Hence and from Proposition 3.3.1, we have liminf, , . ¢(z)
liminf, . @(x) = inf p(R).

oo
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We can get immediately the following

Corollary 3.3.2. Let ¢ : R — R be a bounded continuous solution of equation
(3.1). Assume that F satisfies the weak compatibility condition and F contains
a decreasing function. If the equivalence class [a]~ is dense in R for every a € R
and at least one of the limits lim,_,_ @(x) and lim,_,. @(x) exists, then @ is
constant.

Proof. Corollary 3.3.1 asserts that both limits lim, ., ¢(z) and lim, . ¢(z)
exist. This means that liminf, , - ¢(z) = limsup,_, . ¢(z) and liminf,_, . @(x)
= limsup,_,, ¢(x). By Proposition 3.3.2 we have

inf p(R) = lim inf ¢(x) = lim sup ¢(x) = sup p(R).

T—00 T—00
The above equalities imply that ¢ is constant. H

I would like to illustrate the results obtained in this chapter by one example
which is connected with the archetypal equation.

Example 3.3.1. Let ¢ : R — R be a bounded continuous solution of the
functional equation
p(z) = pip(—2x +1).
1€
In that case we put I = Z and fi(z) = —2x + i for every x € R and i € Z. At
first we will check that the family F satisfies the weak compatibility condition.
Take arbitrary ¢,7 € Z and z € R. Then

1 ? , : SN
(fio fio fit)(x) :—2[—2<—§ﬂ7+§) +J] ti=-2@—i+])+i
=—204+20—2j+i=—2x+3i—2j = f3_9i(2).
Now we check that all the equivalence classes [a]., where a € R, are dense in R.
Fix a € R and define the sequence (D,,),en of sets as follows

a S

Dn:{(—l)nﬁ—l—@ SGZ}

and



Lemma 2.3.2 implies that D is dense in R. We are going to prove that D C [a]..
First of all observe that f'(a) = —%+ % € [a]. for every i € Z, that is
D; C [a]~. Suppose that for some n € N the set D,, is contained in |a].. Take
any s € Z and note that for every ¢ € Z we have

1 n a s\ a1 @ s (o el @ 2" — s
(g ) = (DM - = s T

Since ¢ and s run through the whole Z, the expression 2" — s can attain all

integer values. Hence D, is a subset of [a].. In view of the mathematical
induction we get D C [a]., and thus [a]. is dense.

Observe that we can apply here Corollary 3.2.2 and Corollary 3.3.2. In
summary, if the function ¢ attains the global extremum or there exists at least
one of the limits lim, , ., ¢(z) and lim,_,., ¢(z), then ¢ must be constant.

Remark 3.3.1. Note that the above equation is very close to equations con-
sidered in the previous chapter. Nevertheless we could apply the results from
neither Section 2.3, nor Section 2.4 to that one. This means that the theorems
obtained in the present chapter can be successfully used in the particular cases
of the archetypal equation.
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Chapter 4

(General linear iterative equation and
invariant compact sets

The current chapter of the thesis is devoted to an analyse of invariant compact
sets and their influence on linear iterative equations. As it turns out these
sets play a central role in a description of solutions of this kind of functional
equations. In Chapter 4 we shall see that if the solution is continuous at each
point of an invariant compact set, then it is constant very often. The presented
part of the PhD thesis is based on the article [38].

Throughout the chapter (€2, A, P) is a probability space, (X, d) a complete
metric space and (Y, || - ||) a separable Banach space over the field F € {R, C}.
We fix also a family {f,: X — X| w € Q} of functions and assume that

{weQ: fu(x)eU}eA foreveryz € X and open U C X,

ie. f:Qx X — X defined by the formula f(w,z) = f,(x) is A-measurable
for each fixed x € X. We associate with the functions f,,,w € €2, some type of

sets. We say that a set K C X is invariant if
fo(K) C K forall we Q. (4.1)

In this chapter we will be interested in bounded Borel solutions ¢ : X — Y of
the functional equation

o(z) = / o (fu(2)) Pdw). (42)

For integrating vector functions we use the Bochner integral.
The chapter is divided into five sections. In Section 4.1 we formulate and
prove our main theorem. A discussion on the existence of invariant compact



sets can be found in Section 4.2. Section 4.3 contains particular cases of Theo-
rem 4.1.1. It is worth mentioning that in this section we shall prove a generaliza-
tion of the main theorem. Section 4.4 is devoted to the case when equation (4.2)
is of finite order. The last part of this chapter contains examples illustrating
considered topics.

4.1 The main theorem

At the beginning we remind a property of continuous functions described in the
following folk theorem.

Lemma 4.1.1. Let (X1, dy), (Xo,d2) be metric spaces and let K C X1 be a com-
pact set. If f : X1 — Xs is continuous at each point of K, then for every
e € (0,00) there exists § € (0,00) such that for all x € X7 and y € K with

di(z,y) < 0 we have do(f(z), f(y)) < €.

We find out that the shape of any solution of equation (4.2) crucially depends
on the behaviour of the solution on invariant compact sets. The details are
described in the below result which is my main theorem in [38].

Theorem 4.1.1 (Theorem 3.1, |38]). For each w € Q let f, : X — X be
a Matkowski type contraction with a comparison function g,. Assume that the
functions f,,w € ), or the functions g,,w € §, are pairwise commuting and
there exists A € A such that P(A) > 0 and g,, = gu, for all w,wy € A.
If K C X is a nonempty compact set satisfying condition (4.1), then any
bounded Borel solution ¢ : X — Y of equation (4.2), which is continuous at
each point of K, is constant.

Proof. Let ¢ be a bounded solution of equation (4.2). Then for every n € N
and x € X it satisfies the equality

o) = /n @((fur, © -0 fu) (@) P™(dwr, ..., dwy).

Remember that, according to Remark 1.2.3, (2", A", P™) denotes the product
of n copies of (€2, A, P). Fix arbitrary ¢ € (0,00). In view of Lemma 4.1.1
there exists § € (0, 00) such that for every z € X and y € K with d(z,y) <9
we have ||¢(z) — ¢(y)|| < 5. Let M € (0,00) be such that

|lp(z)|| < M for every x € X.
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Fix any xop € X and yg € K. We are going to show that ¢(zg) = ©(yo).
Remind that we have a function g : [0,00) — [0, 00) which is a comparison
function for all f, with w € A. We can choose ky € N fulfilling the inequality

g™ (d(zo, y0)) < 6.

Take any k > ko and let By, € QF be the set of all sequences (w1, ..., w;,) € QF for
which the elements from A appear at most ky times. Then By can be splitted
into ko + 1 pairwise disjoint sets of the form

C;=|Jo(1)x .. xa(k).

O’ESj
where S; = {0 : {1,2,....k} = {A4,Q\ A}| card o7 ({A}) = j} for each
j= 0,1,...,ko. In other words C; contains all sequences (wy, ...,wy) € QOF for

which members of A appear exactly j times for all j = 0,1, ..., ky. Then we can

write Bj, down as
ko
By={]JCy.
j=0

Hence B;, € A*¥ and furthermore
k’o kj ' i
Py =3 (4P Py

=0

Now we are going to prove that limy_,o P¥(B}) = 0. At first note that for
sufficiently large k& we have

(o) < (1) =< (i)

Hence and from the fact that P(A) € (0,1) we get

mnPWBgfgmHEi(:)P@®%1—Ppnfﬁ

k—oo k—o0

j=0 "0

o /g )
< i —
< kh_)rgo 2 (k()) max { P(A),1 — P(A)}



= lim (ko + 1) (:()) max { P(A),1 - P(A)}'

k(k —1)...(k — (ko — v

= lim (ko + 1) T D) ax {P(A),1 - P(A)}
—00 0!

:’{Ok; L lim (k= 1)...(k — (ko — 1)) max { P(4), 1~ P(4)}"
Skok:! ! kh_)rglo kM max { P(A), 1 — P(A)}k =0,

and thus limy_,o, P¥(By) = 0. Therefore we can choose k in such a way that

£
P*(B -
(Br) < 137

Note that for all (wy,...,wy) € Q¥ we have (f., o...o f.,)(yo) € K because
of (4.1). Then we have

d((fwk o...0 fu)(20), (fu, 0.0 fm)(yo)) < (gup 00 gwl)(d(x()ayO))- (4.3)

Assume that the functions g,,w € ), are pairwise commuting and take the
sequence (wy, ..., wy) € QF\ By.. Without loss of generality we may assume that
Wi, ..., Wk, € A. Then, in view of the definition of &y, we have

(9uy©0---09u, ) (d(0, o)) < (gwkoo...ogwl)(d(xo,yo)) — gl (d(zo,y0)) < 6. (4.4)

Now consider the case when the functions f,,,w € (1, are pairwise commuting
and fix aribtrarily (wi,...,w;) € Q% \ Br. We can change the order of the
functions f,,, ..., fu, in inequality (4.3) in such a way that the first ko indices
come from A. Then we obtain (4.4) again.

Note that (4.3) and (4.4) imply

d((fur, © -0 fu)(@0), (fur, © o0 fu) (o)) <& for all (wy,...,wi) € OF\ By

Therefore, we have
le(zo) — @ (yo)l
< /Qk H SO((fwk 0...0 fwl)(ﬁlfo)) - QO((fwk 0..o0 fwl)(yo)) H Pk(dwl, ...,dwk)
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N /Qk\Bk
o
By,

((for 0 0 o) (@0)) — 9 (i 00 fu) ) H PH(duors o dey)

gp((fwk 0...0 fwl)(xo)) — gp((fwk 0..0 fwl)(yo)) H Pk(dwl, ey dwyp)

1 € €
< —ePF(QF\ By) + 2MP*(By) < = +2M— =&,
< gt A By + (Br) < 5 +2M g =
This means that ¢ is constant and the proof is complete. [

Remark 4.1.1. Note that in Theorem 4.1.1 we may assume less, namely that
almost all the functions f,,w € (1, are Matkowski type contractions. And
similarly:

fo(K) C K for almost all w € )

and almost all the functions f,,w € Q, [g,,w € ;] are pairwise commuting.
The proof remains the same, we only need to consider some full measure subset
instead of the whole €.

We see that some assumptions here are technical and they can be sometimes
difficult in checking. Therefore we will present in Section 4.3 a lot of their more
useful particular cases.

Continuity at each point of the set K is essential in Theorem 4.1.1. If we
omit this assumption, then we can get non-constant solutions of equation (4.2).

Example 4.1.1 (Example 2, [38]). Let R be equipped with the natural metric
and consider the functional equation

p(5) +#(5)
5 :

where ¢ : R — R. It is a particular case of equation (4.2) and the assumptions

p(r) =

of Theorem 4.1.1, besides the continuity of the solution at each point of K, are
satisfied. We note that K = {0} is an invariant compact set with respect to the
functions R 3 x — /2 and R 5 # — /3. One can check that the function
¢ : R — R defined by

[ 1, ifzeR\{0},
M@_{O,ﬁx:Q

is a solution of the above equation. The function ¢ has only one discontinuity
point, namely 0.
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4.2 Existence of invariant compact sets

We have seen that invariant compact sets are very useful in the theory of linear
functional equations. Therefore it is important to know how to find them. The
theorem below may be treated as the starting point of the research in this
direction.

We are going to examine the existence of invariant compact sets. The next
simple lemma deals with the case when the functions f,,w € €2, are pairwise
commuting.

Lemma 4.2.1. For each w € Q let f, : X — X be a Matkowsk: type contrac-
tion. Assume that the functions f,,w € €, are pairwise commuting. Then all
of them have a common fixed point.

Proof. In view of Theorem 1.1.1 each Matkowski type contraction has a unique
fixed point. Take any w,w € 2 and let £ € X be the fixed point of f,,. We will
show that ¢ is a fixed point of f;, too. Note that

fw(f) = f@(fw(f)) - fw(fw(f))

The above equality means that f;(£) is a fixed point of the function f,,. Since
f. has exactly one fixed point, we see that f;(§) = &, i.e. £ is a fixed point
of f@. []

The above folk lemma implies that the problem of the existence of invari-
ant compact sets becomes trivial when the functions f,,w € , are pairwise
commuting.

The next theorem describes how to get the invariant compact sets in the case
when X is the real line equipped with the natural metric. This is the second
main result of [38].

Theorem 4.2.1 (Theorem 3.3, [38]). For each w € Q let f,, : R — R satisfy the
Lipschitz condition with the same constant L € (0,1). If there is a bounded set
containing fixed points of the functions f,,w € €1, then there exists a nonempty
compact subset of R fulfilling condition (4.1).

Proof. Note that if the functions f,,w € €2, have a common fixed point £ € R,
then K = {£} is a compact set satisfying condition (4.1). Thus we exclude this
case in the rest of the proof.
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9,00 \

Assume that all fixed points of the functions f,,,w € €2, are contained in an
interval [a, b], where —oo < a < b < co. We define functions g1, go : R — R by

the equalities
gi(x) = —L(x —a)+a and ¢o(x) = —L(x —b)+0b.
The solutions of the equations
gi(zr)=—r+a+b and @r)=—2x+a+b

_ b—La __ a—Lb :
are equal v = =7 and u = =7, respectively. Furthermore we define also

functions hq, ho : R — R by the formulas

hi(x) = L(x —a)+a and hy(x) = L(x —b) +b.

We are going to prove that g;(z), h;(z) € [u,v] if © € [u,v] and i € {1,2}.
At the beginning note that hy(u) > u and ho(v) < v. Observe that h; and he
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are increasing and hi(x) < ho(x) for all z € R. Therefore, if we take = € [u,v],
then we will get

u < hi(u) < hi(z) < ho(z) < ho(v) < w.

In other words, we have proven that h;([u,v]) C [u,v] for i € {1,2}. We show
that the analogical inclusions hold for g; and go. Observe that

go(u) =v and @¢1(v) = u.

Since g1 and gy are decreasing and the inequality ¢1(z) < go(x) is satisfied on
the whole real line, we have

u=g1(v) < g1(x) < g2(x) < go(u) =v for every x € [u,v].

Now we are going to prove that the interval [u, v] is a desired invariant set.
Let w €  be fixed and take a fixed point & € [a,b] of f,. Let = € [u,v]. We
shall show that f,(x) € [u,v]. Reasoning is divided into two complementary
cases.

Case 1: Assume that x € [£,v]. Since f, satisfies the Lipschitz condition with
constant L, then we have

fol@) <Lz —¢|+E&=Llx—&)+ < L(x—b)+ b= he(x) < hy(v) <w
and
fol@) 2 —Lle— €|+ €= —La - +E> L —a) +a = gi(0) > u.
Case 2: Assume that € [u, ). Then
folw) S Ll — €|+ €= —Lix =€) +€ < —L(x —b) +b = gala) < v
and
ful@) = —Llo =€) +€ = Llw =€) + € > Lz —a) +a = hu(2) = a(u) > u.

In conclusion, we have f,([u,v]) C [u,v] and the proof is complete. O
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4.3 Particular cases of the main theorem

As we sald the assumptions of Theorem 4.1.1 can be sometimes difficult in
checking. Therefore we are going to present the particular cases of this the-
orem for which a part of the assumptions are automatically satisfied. This
section concerns mainly the existence of sets A and K with desired proper-
ties. Lemma 4.2.1 guarantees the existence of the invariant compact set when
the functions f,,w € €2, are pairwise commuting. Thus we confine ourselves
to the case when the functions g,,w € 2, are pairwise commuting; there are
only two exceptions, namely Corollary 4.3.4 and Corollary 4.3.8. The presented
corollaries come from [38].

If we restrict our analysis to the case when (X,d) = (R,|-|), where | - |
denotes the Euclidean norm, then we can take any bounded interval instead of
a compact K. The closure of any subset F of R will be denoted by clE. We
have

Corollary 4.3.1 (Corollary 4.1, [38]). For each w € Q let f, : R — R be
a Matkowski type contraction with a comparison function g,. Assume that the
functions g,,w € §Q, are pairwise commuting and there exists A € A such that
P(A) > 0 and g, = gu, for all wi,ws € A. If I C R is a nonempty bounded
interval such that

fo(I) C 1  for all w € €,

then any bounded Borel solution ¢ : X — Y of equation (4.2), which is contin-
uous at each point of cll, is constant.

Proof. The set cll is compact. If w € Q and f,,(I) C I, then the continuity of f,
implies f,(cll) C clf,(I) C cll. Now it is enough to apply Theorem 4.1.1. [

If the whole space X is compact, then K := X clearly satisfies (4.1), and
thus we get immediately the following

Corollary 4.3.2 (Corollary 4.2, [38]). Assume that X is compact. For each
we Qlet f, : X = X be a Matkowski type contraction with a comparison
function g,. Assume that the functions g,,w € €1, are pairwise commuting and
there exists A € A such that P(A) > 0 and g, = g, for all wi,ws € Q. Then
any bounded continuous solution ¢ : X — Y of equation (4.2) is constant.
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There is another particular case of Theorem 4.1.1 when we can find an in-
variant compact set in a trivial way, namely if the functions f,,w € (2, have
a common fixed point £ € X. In the case like this condition (4.1) is satisfied
since we can use K = {£}. In fact, we have the following

Corollary 4.3.3 (Corollary 4.3, [38]). For each w € Q let f, : X — X be
a Matkowski type contraction with a comparison function g,. Assume that the
functions g,,w € 2, are pairwise commuting and there exists A € A such that
P(A) > 0 and g., = gu, for all wy,ws € A. If there exists £ € X such that

fo(&) =& forallw e Q,

then any bounded Borel solution ¢ : X —'Y of equation (4.2), which is contin-
uous at &, 18 constant.

As we have seen in Lemma 4.2.1, Matkowski type contractions have a com-
mon fixed point if they are pairwise commuting. In such a case we have

Corollary 4.3.4 (Corollary 4.4, [38]). For each w € Q let f, : X — X be
a Matkowski type contraction with a comparison function g,. Assume that the
functions f.,,w € €, are pairwise commuting and there exists A € A such that
P(A) > 0 and g, = gu, for all wy,wy € A. Then any bounded Borel solution
v : X =Y of equation (4.2), which is continuous at the common fized point
of the functions f,,w € €, is constant.

We can consider also the case when the inner functions f,,w € €, are
Matkowski type contractions with the same comparison function g. If this
case occurs, then Theorem 4.1.1 takes the following simple form.

Corollary 4.3.5 (Corollary 4.5, [38|). For each w € Q let f, : X — X be
a Matkowski type contraction with a comparison function g. If K is a nonempty
compact subset of X satisfying condition (4.1), then any bounded Borel solution
¢ : X = Y of equation (4.2), which is continuous at each point of K, is
constant.

If the inner functions appearing in equation (4.2) are classical contractions,
then linear functions can be chosen as comparison functions, and thus they are
pairwise commuting.
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Corollary 4.3.6 (Corollary 4.6, [38|). For each w € Q let f, : X — X be
a contraction with Lipschitz constant ¢, € (0,1). Assume that there exists
A € A such that P(A) > 0 and c,, = ¢, for all wy,wy € A. If K C X
is a monempty compact set satisfying condition (4.1), then any bounded Borel
solution ¢ : X — 'Y of equation (4.2), which is continuous at each point of K,
15 constant.

If we go back on the real line and assume that the inner functions f,,w € €,
are contractions with the same Lipschitz constant L, then, in view of Theo-
rem 4.2.1, we can sometimes express the invariant compact set by the explicit
formula.

Corollary 4.3.7 (Corollary 4.7, |38]). For each w € Q let f, : R — R satisfy
the Lispchitz condition with constant L € (0,1). If there exists an interval [a, b],
where —oo < a < b < 00, containing fixed points of the functions f,,w € €,

then any bounded Borel solution ¢ : R — R of equation (4.2), which is contin-
a—Lb b—La
1-L> 1-L

uwous at each point of the interval [ }, 15 constant.

In contrast to the above corollaries, the next one is a generalization of The-
orem 4.1.1. During a discussion on the Seminar on Functional Equations at
the University of Zielona Gora, Janusz Matkowski noticed that the argument
presented in the proof of Theorem 4.1.1 could be applied to a more general
equation than (4.2). We have the following extension of the main result.

Corollary 4.3.8 (Corollary 4.8, [38]). Let 6 : Q — R be a non-negative A-
measurable function such that

/Q 5(w)P(dw) = 1.

For each w € Q let f, : X — X be a Matkowski type contraction with a
comparison function g,. Assume that the functions f,,,w € €1, or the functions
Ju,w € ), are pairwise commuting and there exists A € A such that fA 0dP > 0
and §u, = Gu, for allwy,we € A. If K C X s a nonempty compact set satisfying
condition (4.1), then any bounded Borel solution ¢ : X — Y of the equation

o) = [ B (L) Plda), (45)
which 1s continuous at each point of K, is constant.

73



Proof. Define a probability measure ) on €2 by the formula

Q(A) = /A 5(w) P(dw).

Then the measure () is absolutely continuous with respect to P. Applying
Lemma 1.2.1 we get

/5(w)gp(fw(x))P(dw) = / ¢(fu(2))Q(dw)  for every z € X.
Q 0

Hence we can rewrite equation (4.5) in the form

o(z) = /Q o (fo(2)) Q(dw).

Since all the assumptions of Theorem 4.1.1 are satisfied, we can apply it, taking
() instead of P, to the above functional equation and the proof of this corollary
1s finished. H

We pass to the case when the integral in equation (4.2) reduces to a series.
This phenomena occurs when the measure P is discrete with the infinite support
(a disscusion on equations of finite order is postponed to the next section).

Corollary 4.3.9 (Corollary 4.9, [38]). Let (pn)nen be a sequence of positive
reals summing up to one. For each n € N let f, : X — X be a Matkowsk:
type contraction with a comparison function g,. Assume that the functions

gn,n € N, are pairunse commuting. If K C X is a nonempty compact set such
that
fo(K) C K foralln €N,

then any bounded Borel solution ¢ : X — 'Y of the equation

90(37) - ansp(fn@j));

which 1s continuous at each point of K, is constant.

Proof. Put Q = N, A = 2% and define P({n}) = p, for n € N. We can apply
Theorem 4.1.1 taking any singleton in N as the set A. ]
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4.4 Equation of finite order

Now we consider a very particular case of equation (4.2) which has a finite
number of terms on the right-hand side. In this part we fix N € N and
p1, N € (0,1) such that p; + ... + py = 1. We shall be interested in
solutions ¢ : X — Y of the equation

N
p(x) = e (i) (4.)

where f1,..., fy : X — X are given maps. We have seen in Corollary 4.3.5 that
if we can choose a common comparison function for the functions f,,w € €2,
then the situation is much simpler. For the equation of finite order such a choice
is always possible. The below lemma shows how to make it.

Lemma 4.4.1. Assume that g1, ...,gn : [0,00) — [0,00) are the comparison
functions. Then g := max{gi, ..., gy} is also a comparison function.

Proof. The facts that: ¢ is non-decreasing, g(0) = 0 and g(¢) < t for all posi-
tive ¢ are trivial and we omit their proofs. We show that for every ¢t € [0, 00)
the sequence (¢"(t))nen converges to 0.

Fix arbitrarily ¢ € {1,2,..., N} and u € (0,00). In the first step we show
that if lim;,,+ g;(t) = u, then there exists ¢ € (0,00) such that the function
g; is constant on the interval (u,u + ). Assume on the contrary that the
equality lim,,,+ g;(t) = u holds and there is no € € (0,00) for which g;j(y 1)
is constant. Take any v > u. Note that if ¢t € (u,v), then g;(t) € (u,v), too.
Hence the sequence (¢/'(t))en cannot be convergent to 0 if ¢ comes from the
interval (u,v). This contradicts the assumption saying that g; is a comparison
function. Therefore we have proven that if lim; .+ ¢;(¢) = u, then we can
always find a positive € such that g;|(,u4e) 18 constant. Furthermore we can
notice that ¢;(t) = u for all t € (u,u + ¢).

Fix any ty € (0,00). We are going to prove that the sequence (¢g"(tp))nen con-
verges to 0. Since g(ty) < to, the sequence (¢"(to))nen is non-increasing. More-
over, we know that ¢ is bounded below by 0. Hence the sequence (g"(%o))nen
is convergent. We denote its limit by w and suppose that © > 0. From the
monotonicity of g we have

g(u) < lim g(t). (4.7)

t—ut
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Further, note that

lim g(t) = lim ¢(g"(ty)) = lim ¢"™ (o) = w. (4.8)

t—ut n—oo n—oo

First of all assume that inequality (4.7) is strict. Equality (4.8) and the defini-
tion of ¢ imply that lim;_,,+ g;(t) = u for some i € {1,2,..., N}. As we proved
before, there exists 1 € (0, 00) such that the function g;j(y u+e,) is constant and
equal to u. Furthermore we see that

lim g;(t) < lim+gi(t) =u forevery j € {1,2,...,N}.
t—u

t—ut

Since g1, go, ..., gy are comparison functions and the above inequalities holds,
we can find € € (0, 1) such that

gj(t) <u forallte (u,u+e)and je{1,2,...,N}.
This means that
g(t) =u forevery t € (u,u+¢).
Let ng € N be such that g™ (to) € (u,u + ). Then g™*!(ty) = u and

9" (to) = g(u) < u

since we have strict inequality in (4.7). It is a contradiction with the condition
saying that

g"(ty) > u for every n € N.
Hence inequality (4.7) cannot be strict and we have g(u) = u. But it contradicts
the inequality

g(t) <t forevery t € (0,00).
Therefore © = 0 and the proof has been completed. ]

The fact described in Lemma 4.4.1 is well known in the theory of GIFS but I
did not find its proof in the literature, and thus the above reasoning is presented
for the sake of completeness.

Remark 4.4.1. The consequences of this lemma are very useful. If we knew
that fi,..., fzv are Matkowski type contractions with the comparison functions
g1, ..., gn, respectively, then we could take the function ¢ defined as in Lemma
4.4.1, and then the mappings from the system { f1, ..., fv } would be Matkowski
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type contractions with the same comparison function g. Moreover, note that
condition (4.1) reduces to

filK)C K foralli=1,2,...N

in this case. We know from Theorem 1.1.2 that for such finite systems of
functions there always exists a compact subset of X, called attractor, fulfilling
condition (1.1) clearly stronger than (4.1).

We are in a position to prove the last corollary.

Corollary 4.4.1 (Corollary 5.4, [38]). For eachi € {1,2,.... N} let f; : X — X
be a Matkowsk: type contraction with a comparison function g;. Then any
bounded Borel solution ¢ : X — Y of equation (4.6), which is continuous at
each point of the attractor of the system {f1,..., fn}, is constant.

Proof. Let g := max{g,...,gn}. In view of Lemma 4.4.1 the function g is a
comparison function. We see that the mappings f1, ..., fy are Matkowski type
contractions with g. Theorem 1.1.2 implies that there exists a compact set
K C X such that

Ufz’(K) = K.

Hence f;(K) C K for every ¢ = 1,2,..., N. The thesis is a simple consequence
of Corollary 4.3.5. ]

4.5 Examples

In the last part of Chapter 4, I would like to present some interesting examples.
The below equations were considered by me when I was analysing an influence
of invariant compact sets on continuous solutions of linear functional equations.
I also examined the cases which are not covered by Theorem 4.1.1. This part of
my work have never been published before and these examples are not included
in the manuscript [38], too.

The first example is an illustration of applications of Theorem 4.1.1. Fur-
thermore we have a possibility to compare Theorems 2.2.4 and 4.1.1.

Example 4.5.1. Let § : 2 — R be a random variable with a uniform dis-
tribution on the interval [0, %} Suppose, for this example, that X and Y are
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the set of real numbers endowed with Euclidean metric and Euclidean norm,
respectively. We define the inner functions by the equality

1
fo(z) == 57 + B(w) for every w € Q and = € R,

Observe that the functions f,,,w € €, are contractions with the Lipschitz con-
stant equal to 1/2. Take any bounded Borel solution ¢ : R — R of the equation

o) = [ oo+ 9t ) Pl

We check that the assumptions of Theorem 2.2.4 are satisfied for such an equa-
tion. At the beginning note that the hypothesis (H) holds. The parameter K

is equal to
1
K:/ 21n (1)dt:—ln2<0.
0 2

Moreover the integral [ [, In (max{|b|, 1})u(da, db) reduces in that case to

1

/221n(max{t,1})dtzln1 =0 < o0.
0

Therefore Theorem 2.2.4 (i) implies that ¢ is constant if ¢ is continuous. We
will see that it is enough to impose on ¢ a weaker regularity condition. Observe
that the interval [0, 1] is an invariant compact set. We have

f.([0,1]) = %[0, 1]+ B(w) = [0, %] + B(w) C€[0,1] for every w € 9,

since values of the random variable S lie in the interval [0, 1/ 2]. Now Corol-
lary 4.3.6 asserts that if ¢ is continuous at each point of [0, 1], then it is constant.

Remark 4.5.1. In this case Corollary 4.3.6 is more suitable than Theorem 2.2.4
— we assumed that ¢ is continuous only at each point of a compact set. In
general the weakness of Corollary 4.3.6 is that we cannot use it if the functions
fu,w € €, are not contractions on the set of positive measure.

In contrast to Example 4.5.1 we cannot apply Theorem 4.1.1 below. The
functions f,,w € Q, in equation (4.9) have two fixed points, and thus they
cannot be Matkowski type contractions. Nevertheless we will see that invari-
ant compact sets exist and again they play important role when we consider
solutions which are continuous at each point of the invariant compact sets.
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Proposition 4.5.1. Let ¢ : [0,00) — R be a solution of the equation

o) = )T T “9)

If v is continuous at 0 and 1, then @ is constant.

Proof. First of all note that since ¢ satisfies equation (4.9), then for every
z € [0,00) we have

1] _ 1) +9(@)] |, 1[e() + o(Va)
— o) + 10V + 30()
=@ 1PWa) + 5e(x).
Hence A \
o(x) = o) ng(ﬁ) for every z € [0, 00).
One can prove inductively that for every n € N the function ¢ satisfies the
equality
2n 2"
o(r) = o) +290( V) for every x € [0, 00). (4.10)

Take any z € (0,1). We have lim,,_,o 22" = 0 and lim,, o, /7 = 1. Since
¢ is continuous at 0 and 1, then tending with n to oo in equality (4.10) we get

~9(0) + (1)
p(r) = 5 :

In other words, (1) is constant. This equality, jointly with the continuity of
¢ at the endpoints of the interval (0, 1), gives ©(0) = ¢(1). Therefore o 1) is
constant.

We ae going to show that ¢y is constant. Let ¢ € (0,00) be taken
arbitrary. Since ¢ is continuous at 1, we can find § € (0, 00) such that

o(t) — p(1)] < % for every ¢ € (1,1 + 9).

Then for all s,t € (1,14 §) we have the following estimation

lp(s) — ()] = lo(s) — (1) + (1) — (2)| -
< lp(s) = (D) + le(t) = p(1)] < = |
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Fix s,t € (1,00). Applying equality (4.10) to s and t we get
p(s”) = 20(s) —p(V/s) and  @(t*") = 20(t) — (V1) for every n € N.

Therefore

o(s™) = ()] < 2[ip(s) = 0(t)| + | V) —@( V)| forall n € N.
Fix arbitrary n € N. Take sg,tp € (1,1 +9) and k£ € N in such a way that
s2" = s and 2 = t. Observe that 2/s50, 3/t € (1,14 6), too. Moreover, in
view of (4.11) we have |p(s9) — ¢(to)| < & and [p( *"V/50) — o( *"Vo)| < &
Hence

o(s*") = o) =|(s2"™) — (2™
2 €

§2’SO(80) - 90(750)’ + ’@( ?/50) — o W\k/%)‘ <73 + 3~ ¢

The above inequality implies p(s*") = ¢(t*"). Since n and the arguments s,
were fixed arbitrarily we have proven that

o(s*") = p(t*") for every n € N and s,t € (1,00).

Let z,y € (1,00) be fixed. Using the above equality with n = 1 to the points
vz and /Y we get () = ¢(y), i.e. Y|1,00) Is constant. We know that ¢ is
continuous at 1, therefore yj01) = ©(1) = ©|(1,00)- ]

Remark 4.5.2. Note that for the maps [0,00) 3 z — 2% and [0,00) > z — /7
we have four invariant compact sets, namely: Ky = {0}, Ky = {1}, K3 ={0,1}
and K4 = [0,1]. The below solutions show that we cannot use in the above
propostion Kj nor Ks instead of Kj3. Define ¢1, ¢ : [0,00) — R by

1, iftx>0, 1, ifxe|0,1)U(1,00),
¢1(‘"’3):{0 ifr=0, ™ ¢2(5’7):{0 ifx:[l.) e

It is easy to check that ¢ and ¢9 are solutions of equation (4.9) but they are
discontinuous at 0 and 1, respectively. However, we can use K4 instead of K3
in the above proposition as K3 C K4. Nevertheless K3 is the optimal choice.

As we have seen in the last example the continuity at each point of the
invariant compact set have not to guarantee that the solution is constant if the
functions f,,w € (), are not contractions. Another example of a functional
equation for the which inner functions are not contractions we will meet and
solve in the next chapter.
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Chapter 5

Appendix: Further discussion on the
Derfel’s problem

At the end of this thesis I would like to present my final thoughts and ideas
connected with the original problem posed by Gregory Derfel, namely with
equation (2.8). We saw an influence of invariant compact sets on solutions of
linear functional equations in Chapter 4. We learnt that there is always a nat-
ural background in the functional equations theory, made by the Kuratowski
equivalence relation — Chapter 3. Now we are reacher in that knowledge and we
can go back to the analysis of equation (2.8) by this perspective and discover
some new results. In the current chapter I present my attempts and thoughts
which can help better emphasise the difficulties appearing in the study of equa-
tion (2.8).

5.1 How not to solve equation (2.8)

After three years of my attempts I realised that I had been trying to solve
equation (2.8) on each equivalence class of the Kuratowski relation ~ separately.
More precisely, I always tried to prove that all solutions are constant on each
equivalence class. During my work this restriction appears probably always
but, in fact, sometimes it was hidden for me. Today I know that it was one of
reasons of my failures. In my opinion the attempts of showing that all bounded
continuous solutions of equation (2.8) are constant on equivalence classes of the
relation ~ seem to be a wrong attitude.

One can observe that in the case like this equvialence classes have a common
accumulation point, namely 0. If every solution of equation (2.8) were constant



on each equivalence class, then we could prove that every bounded solution
of (2.8), which is continuous only at 0, must be constant. This regularity as-
sumption seems to be too weak. We see that 0 is a fixed point of the function
R 3 x — —2x but the map R > x — x — 1 has no finite fixed points. Therefore
continuity at O is insufficient in my opinion. Moreover, we see that iterates of
the inner functions are completly irregular in this case.

I would like to present a functional equation which is also a particular case of
the archetypal equation, but as opposed to equation (2.8) we are able to solve it
completely. This example demonstrates the above thoughts and the problems
appearing in equation (2.8).

I decided to consider a functional equation of the form

o) = %gp(—aj —9) 4 %@(23: +1) (5.1)

for this purpose. This equation is obviously a particular case of the archetypal
equation in which

1 1 1

and the rescaling parameter takes positive and negative values. One can note
that the mappings R > + - —x — 2 and R > * — 2z 4+ 1 have the same
fixed point: —1. Therefore it is an example of the third degenerated case of
the archetypal equation and we can apply Theorem 2.2.3 asserting that every
bounded continuous solution of (5.1) is constant. We shall prove now something
more, namely that every bounded solution of this equation, which is continuous
only at —1, is constant. This is true since {—1} is an invariant compact set.

[ will present my solution of equation (5.1) step by step. At first we need
to prove a technical lemma. Remind that a function f : R — R is called an
involution if f? = Idp.

Lemma 5.1.1. Let f1, fo : R — R be commuting homeomorphisms and fi be
an involution. If o : R — R is a bounded solution of the equation

ple) = 30 (/i) + 5o (2)). (5:2)

then . 1s constant for every a € R.
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Proof. At the beginning we will prove that
p(a) = ¢((fi" o f3)(a)) for every m,n € NU{0} and a € R. (5.3)

Fix a € R and put € = ¢(a) —¢(fi(a)) = ¢(f2(a)) —p(a). Our goal is to show
that ¢ = 0. For this purpose we shall prove inductively the following equalities

n—1
e((fio fy)(a) = ¢la) — 5 2+ 15 for every n € N (5.4)
and g _ 1
o (fi(a)) = pla) + ———¢ for every n € N. (5.5)

First of all note that the above equalities hold for n = 1 because of the definition
of e. Suppose that they are true for every n € {1,2, ..., k}, where k € N is fixed.
We prove that (5.4) and (5.5) are satisfied for k£ + 1. Using the fact that ¢ is a
solution of equation (5.2) and f; is an involtion we get

tofy )(a 20 f10 Qk_l a
waﬁogﬂx@);mua 2><»+§«f f )(a))
_e(5 @) + e((fro f5)(a)

2

Hence

o((fro £5)(@) =26((f o 7)) — ol (@)
—2fl) - 25 - ot + 2

k=1 1

—p(a) — (3" +1)e - 5

2.3k1 494 31 _ 1 3+ 1

=p(a) - : e = (o)

€

Similarly

o(f5(a)

):waﬁoﬁx@ywmfﬂm»
2

and thus

o(F71(@)) =20(F(@) — o((fr o f5)(a)
k k
:[w@+321%—[m@—3;44

2.3 243k 1 3l 1
5 e=(a)+

=p(a) +
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Therefore, in view of the mathematical induction, (5.4) and (5.5) are satisfied
for every n € N. We see that the sequences (3n_21+1)n€N and (£51),en are
unbounded. Since we assumed that ¢ is bounded, we have ¢ = 0. This fact,
jointly with equalities (5.4) and (5.5), implies (5.3).

We are going to show that ¢, is constant. Take any b € [a].. We have to
prove that ¢(a) = ¢(b). Since f; and fo are commuting we can find n,m € Z

such that

b= (fi' o f3")(a). (5.6)
Remind that f; is an involution, and thus this function satisfies the equality
fi' = fi". Therefore we may assume without loss of generality that n > 0.
Note that if m > 0, then ¢(a) = ¢(b) because of equality (5.3). It remains to
consider the case m < 0. Then equality (5.6) can be rewritten equivalently as

a=(fi"of;")(b).

Putting the equality fi' = f;", we get a = (f{' o f;")(b). Now using equality
(5.6) we obtain
p(a) = p((fi' o f)(b) = ¢ (b)

and the proof has been completed. [
We will use the above lemma in solving equation (5.1).

Proposition 5.1.1. Let ¢ : R — R be a bounded solution of equation (5.1). If
© s continuous at —1, then @ is constant.

Proof. Let fi1, fo : R — R be given by the formulas
filz)=—x—2 and fo(x) =22+ 1.

One can check that f1o fo = foo f1 and f; is an involution. Moreover, we have

fyiz) = %SL’ — % for every x € R.
Lemma 5.1.1 asserts that ¢y is constant for every x € R. Since fytis
a contraction, then the Banach contraction principle implies that —1 is an
accumulation point of [z]. for all z € R\ {—1}. If 2 = —1, then [-1]. = {—1}.
Since ¢ is continuous at —1 and it is constant on all equivalence classes, we have
Q). = ©(—1) for each x € R. Hence ¢ is constant. O
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The continuity at —1 is an essential assumption in the previous proposition.

Example 5.1.1. Let ¢ : R — R be a function given by the formula

1, ifxeR\{-1},
gb(z’j):{o, if o = —1.

It is easy to check that ¢ is a solution of equation (5.1) and it has only one
discontinuity point, namely —1.

We can solve equation (5.1) since iterates of the inner functions behave very
regular and there exists a common fixed point of all the inner functions. In
equation (2.8) we have not such possibilities — iterates are very chaotic and no
invariant compact set exists.

Remark 5.1.1. There is no invariant compact set for the inner maps appearing
in equation (2.8).

Proof. Assume on the contrary that there exists a compact set K C R such
that —2K C K and K —1 C K. At the beginning note that if K is a singleton,
then the inlcusion K — 1 C K cannot be satisfied. It remains to consider the
case when K contains at least two elements. Then the diameter of the set —2K

is greater than the diameter of K. This observation implies that the inclusion
—2K C K cannot hold. O

5.2 Open problems

As we said in Chapter 2 we have very limited knowledge of non-degenerated
case of the archetypal equation with positive K and P(a < 0) > 0. There is
no known such an example which we are able to solve completely in the class of
bounded continuous functions. Therefore I tried to find some simpler equations
to solve, in view of results from Chapters 2-4.

After the difficulties described in the previous section I would like to propose
a particular case of the archetypal equation which seems to be easier to solve
than equation (2.8). As we have seen in Proposition 4.5.1 and in Lemma 5.1.1
the equations for which iterates of inner functions behave more regularly are
easier to solve. If at least one of the inner functions is an involution, then
everything seems to be simpler.
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Problem 1 Does there exist a non-constant bounded continuous solution
¢ : R — R of the equation

p(a) = 5ol — ) + ()

The above equation is also interesting since K = %ln 2 > 0 and the rescaling
parameter attains positive and negative values as well. But in the case like this
the function R 3 x — 1 — z is an involution. Thus I suppose that it can help
with its solution. Nevertheless, the problem is left open.

Problem 2 Is there any bounded and non-constant solution ¢ : Z — R of
the Derfel equation (2.8)?

In that problem, without loss of generality we may replace Z by any countable
set I/ C R tulfilling the conditions

EFE—-—1CFE and —2FCLE.

Problem 3 Describe all bounded continuous solutions ¢ : R — R of the

equation

plx) = 5plz — 1) + 3o(22).

Theorem 4.3 (a) from [10] asserts that if a solution ¢ has the limits lim,_,_ ¢(z)
and lim,_, (), then it must be a linear combination of the constant and the
canonical (see Theorem 3.3 in [10] for details) solution. To the best of my
knowledge there is no full description of bounded continuous solutions of the
above equation without additional assumptions. If we omit the assumption of
the existence of limits at the inifnites, then some new solutions may appear.

Problem 4 In Theorem 4.1.1 almost all functions f,,w € €2, are Matkowski
type contractions. It seems to be possible to extend Theorem 4.1.1 to the case
when the inner functions are Matkowski type contraction on sufficiently large
subset of € (from the point of view of the measure P). It was made for the
archetypal equation — Theorem 2.2.4. For the closest future I plan to focus my
research in this direction.

Problem 5 In the literature there are not too many results guaranteeing
the existence of invariant compact sets. It seems to be an interesting idea to
get some new general theorems about existence of such sets since, as we have
seen, they can be very useful in solving of functional equations.
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Streszczenie

Badania i rezultaty zamieszczone w rozprawie poswiecone sg pewnym liniowym
rownaniom funkcyjnym nieskonczonego rzedu. Punktem wyjscia do podjecia
przeze mnie badan w tym kierunku byt problem postawiony przez Gregory’ego
Derfla na 21st Furopean Conference on Iteration Theory, ktéra zostata zorga-
nizowana w 2016 roku w Innsbrucku (Austria). Swoje pytanie prof. Derfel
powtorzyl takze rok podzniej w trakcie 55th International Symposium on Func-
tional Equations, ktore miato miejsce w Chengdu, w Chinach. Gregory Derfel
zapytal mianowicie o to, czy wszystkie ograniczone i ciaggte funkcje ¢ : R — R
spelniajace rownanie
1

o(2) = ol = 1) + 5(~20) ()

sg stale?
Sam problem jest zwiazany z tzw. rownaniem archetypicznym, ktorym zaj-
muje sie prof. Derfel. Réwnanie archetypiczne jest to rownanie funkcyjne postaci

o) = [[ elata = b)utda, av) 2)

gdzie i jest ustalong borelowska miarg probabilistyczng okreslong na ptaszcezyznie
R?, a ¢ : R — R szukang funkcja. Wybierajac konkretne miary p otrzymujemy
znane i badane wczesniej rownania. Oznacza to, ze analizujac rownanie (2)
mozemy badac jednoczesnie obszerne klasy liniowych rownan funkcyjnych. Ta
szeroka perspektywa, ktora w ten sposob osiggamy, uzasadnia trafnosé¢ nazwy
rownanie archetypiczne. Warto dodaé, ze dla niektorych wyborow miary u
rownanie (2) redukuje sie do pewnych réownan rozniczkowych, np. réwnania
pantografu.

Rownanie (2) zostalo dokladnie zbadane przez: L. Bogacheva, G.Derfla i
S. Molchanova. Wiadomo miedzy innymi, ze ogromny wplyw na jego rozwiaza-
nia w klasie funkcji ograniczonych i ciaggltych ma parametr K definiowany jako



ponizsza catka

K = // In |a|u(da, db).
R2

Mozna wykazaé, ze dla K < 0 przy pewnych dodatkowych technicznych za-
lozeniach, rownanie (2) nie ma w klasie funkcji ograniczonych i ciagtych in-
nych rozwigzan niz funkcje state, w przypadku gdy K > 0 oraz u((0,4+00) X
R) = 1 potrafimy skonstruowac¢ niestale rozwiazania. Sytuacja kiedy K > 0
i p((—00,0) x R) > 0, a tak jest w rownaniu (1), jest po dzi§ dziefi niezbyt
dobrze zbadana i petna znakéw zapytania. W rozprawie doktorskiej stawiam
sobie za cel poglebienie wiedzy o réwnaniu archetypicznym w tym przypadku.

Cala rozprawa zostata podzielona na pie¢ czesci. Rozdzial 1 ma charakter
wprowadzajacy 1 zawiera spis najwazniejszych twierdzen, faktow i1 oznaczen
stosowanych w kolejnych fragmentach rozprawy. Znajduja sie tu dwie sekcje
zatytutowane ,Uktady dynamiczne” oraz ,,Miara i caltka”.

W Rozdziale 2 badam rozwiazania réwnania (2) osiagajace warto$¢ naj-
mniejsza badz najwicksza dla szerokiej klasy miar u, w szczegolnosci analizie
poddane zostaje rownanie (1). Gléwny moj wynik z tej czesci rozprawy im-
plikuje miedzy innymi, ze jezeli rozwiazanie ograniczone i ciagte ¢ : R — R
rownania (1) osiaga ekstremum globalne, to ¢ musi by¢ funkcja stala. Poza tym
stato$¢é ograniczonych i cigglych rozwiazan réwnania Derfla uzyskatem takze
przy zalozeniu, ze istnieje cho¢ jedna z granic lim,_, o, ¢(z) lub lim, ., p(x).
Dodatkowo udato mi sie zbadaé¢ jaki ksztalt powinno mie¢ potencjalne nie-
stale rozwiazanie ¢ rownania (1) — okazalo sie, ze taka funkcja musi oscylowac
zarowno w —oo jak 1 w +o00; doktadniej: kiedy kierujemy sie w strone —oo
lub +o00, to wykres rozwigzania powinien nieskonczenie wiele razy zblizy¢ sie
nieskonczenie blisko do kresu dolnego jak i do kresu goérnego zbioru wartosci
rozwigzania .

Rozdziat 3 zawiera pewne uogolnienie moich gtownych wynikow z Rozdziatu 2
na rownania funkcyjne postaci

o(x) = pip(fi(e)), (3)

iel
gdzie I C Z, dla kazdego ¢ € I funkcja f; : R — R jest homeomorfizmem i p; €
(0,1), przy czym >, pi = 1. W ogélnosci dane homeomorfizmy nie muszg by¢

funkcjami afinicznymi, gdyz w przeciwnym razie trafiamy ponownie do Rozdzia-
tu 2, poniewaz réwnanie (3) moze zosta¢ potraktowane jako szczegolny przy-
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padek rownania archetypicznego. W Rozdziale 3 zastosowanie ma relacja réwno-
waznosci generowana przez funkcje z rodziny {f;}ics, ktora zostata opisana po
raz pierwszy przez Kazimierza Kuratowskiego. Wykazatem, ze pod pewnymi
warunkami — wprowadzonymi przeze mnie warunkami zgodnosci — kazde ograni-
czone rozwiazanie rownania (3), ktore osiaga na klasie abstrakcji wyznaczonej
przez relacje Kuratowskiego ekstremum globalne, musi byé state na tej klasie
abstrakcji. To ogoélne twierdzenie mozna naturalnie zastosowa¢ do badania
rozwigzan ciaglych, gdy wspomniane klasy abstrakcji sg zbiorami gestymi —
daje to w efekcie stalosé rozwigzania na catym zbiorze R.

Rozdzial 4 jest poswiecony najogoélniejszemu réwnaniu funkcyjnemu pojawia-
jacemu sie w calej rozprawie. W przeciwienstwie do Rozdziatow 2 i 3 nie
ograniczamy sie do funkcji, ktore przeksztalcaja prosta R w siebie, ale zu-
pelna przestrzen metryczng (X, d) w osrodkowa przestrzeri Banacha (Y, - ||).
Mamy dodatkowo dang przestrzen probabilistyczna (€2, .4, P) i przeksztalcenie
f:Qx X — X, ktore jest A-mierzalne przy kazdej ustalonej wartosci x € X.
W Rozdziale 4 badamy ograniczone i borelowskie rozwiagzania ¢ : X — Y
rOwnania

o(z) = / o (f(w, 7)) P(dw), (4)

gdzie do catkowania funkcji o warto$ciach wektorowych uzywamy catki Boch-
nera. Gloéwnym przedmiotem zainteresowarni tej czesci rozprawy sa zwarte zbiory
niezmiennicze, tzn. zwarte podzbiory K przestrzeni X, ktore dla wszystkich
w € () spelniajg warunek

flw,K) C K.

Okazuje sie czesto, ze cigglosé funkeji ¢ w kazdym punkcie takiego zbioru im-
plikuje jej statosé. W Rozdziale 4 dowodze rowniez twierdzenia gwarantujacego
istnienie zwartych zbioréw niezmienniczych dla pewnych rodzin kontrakeji.
Ostatni rozdziat rozprawy, petniacy role podsumowania lub dodatku, zawiera
dyskusje rownania (1). Wyjasniam w nim, dlaczego rozwiazanie rownania (1)
w klasie funkcji ograniczonych i cigglych, bez zadnych dodatkowych zatozen
natozonych na funkcje ¢, jest tak trudnym zadaniem. Wynika to z faktu, ze w
tym przypadku nie istnieje zwarty zbior niezmienniczy. Ponadto iteraty funkcji
wewnetrznych zachowuja sie w sposob catkowicie nieregularny, co nie utatwia
rozwiazania rownania (1). Ostatnia czes¢ Rozdzialu 5 poswiecona jest przed-
stawieniu probleméw otwartych, ktore pojawity sie w trakcie moich badan.
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